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AIM	AND	SCOPE	
	
	

Analysis	of	Applied	Mathematics	(AAM)	is	a	journal	devoted	to	the	publication	of	original	
research	papers	in	applied	mathematics	for	high	(secondary)	school	students.	Our	mission	
is	to	promote	academic	curiosity	in	the	field	of	mathematics	by	encouraging	students	to	
produce	quality	research.	AAM	provides	a	unique	opportunity	for	high	school	students	to	
publish	a	mathematics-based	research	article	in	a	journal.	The	topics	considered	for	
publication	can	involve	any	aspect	of	applied	mathematics	including	topics	from	the	
medical,	scientific,	engineering,	finance	and	business	fields.	Examples	of	applied	
mathematics	topics	are:	

• Electronics:	 televisions,	 computers,	 video	 games,	 smart	 phones,	 and	 modern	
appliances	

• Transportation:	Automobiles,	air	planes,	space	shuttles	
• Systems	and	Processes:	Traffic	light	systems,	social	choice	theory,	inventory	systems,	

internet	search	engines,	algorithm	improvement	
There	are	a	number	of	possible	applied	mathematics	papers	that	would	qualify	for	the	
Analysis	of	Applied	Mathematics.	For	more	information,	please	visit	us	at	
analysisofappliedmathematics.org.	If	you	have	any	questions	about	whether	your	topic	is	
eligible	for	submission,	please	contact	us	at	info@analysisofappliedmathematics.org.	
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Analyzing the Historical Weaknesses of the 
RSA Cryptosystem 

MinGi Kwon 
United World College of South East Asia 

Abstract  

This	paper	expounds	on	the	nature	and	weaknesses	of	 the	RSA	encryption	system.	
The	 first	 section	 introduces	 RSA	 as	 an	 asymmetric	 cryptosystem	 that	 arose	 from	 the	
increasing	 necessity	 of	 a	 way	 to	 secure	 privacy	 in	 the	 internet	 age.	 Then,	 it	 details	 the	
properties	of	the	RSA,	such	as	the	cyclical	nature	of	the	cryptosystem	that	results	from	the	
use	of	modulus,	and	derivation	of	both	the	public	and	private	key	from	two	prime	numbers	
p	 and	 q.	 The	 latter	 sections	 of	 the	 research	 paper	 explores	 the	 weaknesses	 of	 the	
cryptosystem,	 leaving	 windows	 open	 for	 potential	 attacks	 such	 as	 Modulo	 factorization,	
Shor’s	 Algorithm,	 Short	 message	 attack,	 Chinese	 Remainder	 Theorem,	 and	 etcetera.	
Moreover,	this	paper	covers	measures	the	RSA	cryptosystem	can	take	to	compensate	for	its	
weaknesses,	 such	 as	 Optical	 Asymmetric	 Encryption	 Padding,	 to	 bolster	 its	 security.	
Although	 this	 paper	 shows	 that	 RSA	 is	mainly	 resilient	 against	most	 types	 of	 attacks,	 it	
arrives	 at	 the	 conclusion	 that	 the	 existence	of	 quantum	computing	 algorithms	ultimately	
compromises	the	security	of	RSA,	casting	doubt	over	the	viability	of	RSA	encryption	in	the	
future.		

Introduction 

	Over	the	course	of	many	years,	human	civilization	has	long	since	solved	the	basic	yet	
pressing	matters	of	bread	and	butter.	As	a	 result,	other	 issues	have	come	 to	 light,	one	of	
which	is	the	matter	of	privacy.	

	Privacy,	by	definition,	is	the	state	of	being	free	from	unwanted	or	undue	intrusion	or	
disturbance	in	one's	own	life	or	affairs.	Therefore,	as	humanity	transitioned	into	a	collective	
society	into	an	individualistic	society,	privacy	has	slowly	become	the	inalienable	right	we	
consider	 today.	 John	 Locke,	 a	 philosopher,	 explained	 why	 Privacy	 should	 be	 a	 right	 of	
humans	by	linking	it	to	the	fundamental	right	to	property.	Peter	Myers,	a	political-science	
professor,	continues	to	explain	John	Locke’s	reasoning	by	explaining	how	“property	[creates]	
a	 zone	 of	 exclusivity	 that	 [demands]	 a	 societal	 respect	 for	 privacy…	 Locke	 saw	 privacy	
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essential	to	civil	society	because	how	it	protected	the	ability	to	share	dissenting	opinions	and	
build	relationships	based	on	trust.”		

	The	importance	of	privacy,	however,	is	not	just	that	it	is	a	human	right,	but	also	losing	
privacy	can	 lead	 into	disastrous	consequences.	 In	our	modern	society	 today,	 losing	one’s	
privacy	can	be	something	be	something	trivial	as	losing	face	on	the	internet,	but	it	also	can	
result	in	devastating	catastrophes	such	as	giving	a	stranger	access	to	your	bank	account,	or	
even	the	state	leaking	its	classified	secrets.	The	threat	of	losing	privacy	has	been	so	prevalent,	
counter	measures	have	even	been	invented	as	early	as	100	BC:	namely,	the	infamous	Caesar’s	
Cipher.		

	Caesar’s	Cipher	is	a	basic,	primitive	encryption	tool	that	was	used,	in	Caesar’s	time,	to	
send	 confidential	 messages.	 The	 Caesar	 Cipher	 works	 by	 substituting	 each	 letter	 in	 the	
message	for	another	letter	in	the	alphabet,	by	shifting	the	alphabet	by	a	certain	number	to	
the	left.	The	number	is	agreed	upon	by	both	parties	already.	For	example,	the	letter	‘a’	would	
be	replaced	with	the	letter	‘z’	if	the	alphabet	was	shifted	to	the	left	by	one.	This	is	a	classic	
example	of	a	symmetric	encryption	system.		

	To	explain	symmetric	encryptions	further,	these	encryption	systems	all	use	one	key	
to	encode	and	decode.	What	cryptographers	refer	to	as	a	key	refers	to	a	protocol,	or	a	piece	
of	code	that	is	used	to	encode	or	decode	the	original	text.	One	important	characteristic	of	
symmetric	encryptions	is	that	if	the	recipient	of	the	cipher	text	knows	the	key	used	to	encode	
the	message,	he	apply	the	same	key,	but	use	it	backwards	on	the	cipher	text	to	decode	the	
original	message.	Hence,	the	name	‘symmetric’	encryption.	For	example,	in	Caesar’s	Cipher,	
if	the	key	was	to	shift	each	letter	to	the	left	of	the	alphabet	two	times,	it	can	be	easily	decoded	
by	shifting	each	letter	in	the	Cipher	text	two	times	to	the	right.		

	However,	 there	 is	 a	 fundamental	 problem	 with	 symmetrical	 encryption	 systems,	
which	 is	 commonly	 referred	 to	 as	 the	 “Key	 Distribution	 Problem.”	 The	main	 purpose	 of	
encryption	is	to	prevent	the	leak	of	information	to	unwanted	recipients.	However,	to	secure	
a	symmetrically	encrypted	channel	for	two	parties,	an	exchange	of	information	must	take	
place	before	hand	-	the	agreement	on	what	the	key	of	the	encryption	should	be.	For	example,	
users	of	the	Caesar’s	Cipher	must	agree	upon	the	shift	of	letters.	This	leads	to	a	weakness	
that	 an	unprotected	message,	 that	 contains	 information	on	how	 to	break	 the	 encryption,	
must	be	sent	even	prior	to	establishing	a	secure	connection.	This	is	the	full	picture	of	the	key	
distribution	problem,	but	also	where	asymmetric	encryption	comes	in	as	one	possible	way	
to	solve	the	issue.		

	Asymmetric	 encryption,	 also	 known	 as	 public	 key	 encryption,	 differs	 from	 its	
counterpart	because	it	uses	two	keys,	namely	the	private	and	public	key.	The	keys	are	exactly	
what	the	names	suggest:	One	key	is	only	known	to	you,	whereas	the	other	key	is	known	to	
everybody.	 The	 theory	 behind	 the	 asymmetric	 is	 credited	 to	Whitfield	 Diffie	 and	Martin	
Hellman,	who	were	the	first	pioneers	to	research	this	area	of	Cryptography.	The	theory	is	as	
follows.	First,	the	encryption	method,	which	refers	to	the	public	key,	is	released	to	the	public.	
Then,	anyone	can	use	the	public	key	that	was	released	to	send	private	messages	to	the	owner	
of	the	public	key.	Now	the	encrypted	message	is	ready	to	be	decrypted	with	the	private	key.	
This	solves	the	key	distribution	problem	because	the	key	to	decrypt	messages	never	leaves	
the	users	hands.	Instead,	the	key	to	encrypt	messages	becomes	known	to	everybody.	One	
important	characteristic	that	makes	Asymmetric	encryption	work	is	that	it	is	impossible,	or	
extremely	difficult	to	derive	the	decryption	key	from	the	encryption	key.	To	compare	it	with	
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symmetric	encryption,	the	keys	only	have	to	have	an	inverse	function	applied.	However,	with	
asymmetric	 encryption,	 it	 is	 not	 so	 clear	 cut	 as	 hackers	 would	 like.	 Hence,	 the	 name	
‘asymmetric’	encryption.		

	A	 considerable	 research	 was	 made	 to	 predict	 possible	 attacks	 on	 the	 RSA	
cryptosystem.	 Timing	 attacks	were	 investigated	 in	 (Kocher,	 1995).	 (Boneh,	 et	 al,	 1998),	
(Boneh,	D.,	1999)	and	Killeen	provided	a	survey	on	possible	attacks	on	RSA.		[1][2][4]	

	Asymmetric	encryptions	are	used	widely	around	 the	globe	 today.	One	of	 the	most	
prominently	used	one	is	named	RSA.	The	name	honors	the	creators	of	the	encryption,	Rivest,	
Shamir	and	Adelman.	This	paper	will	aim	to	explain	the	RSA	system	and	the	mathematics	
behind	it.		

	For	any	unmentioned	notions	and	notations	we	refer	to	(Schneider,	1996),	(Burnett	
&	Paine,	2001)	

Description of RSA cryptography 

	As	mentioned	above,	 the	RSA	Cryptography	 system	utilizes	 two	keys	 (private	and	
public),	but	some	values	need	to	be	established	first.	Firstly,	two	prime	numbers	are	needed.	
For	the	sake	of	explanation,	they	will	be	denoted	as	p		and	q.	The	product	of	the	two	numbers	
will	be	known	as	nn..		Next,	the	product	of	the	numbers	one	less	than	p		and	q	are	also	required	
for	the	RSA	crypto	system	to	function.	To	clarify,	this	value	will	be	denoted	as	 ,	which	
equals	to	

(𝑝𝑝 − 1)(𝑞𝑞 − 1)	
Another	number	which	is	relatively	prime	to	 		also	needs	to	be	picked.	It	will	be	

denoted	 as	 e.	 Finally,	 the	 last	 value	needed	 is	 d,,		which	 is	 the	multiplicative	 inverse	 of	 e..		
Multiplicative	 inverse	 means	 that	 when	 d	 and	 e	 are	 multiplied	 together,	 they	 equal	 1.	
Therefore,	these	two	values	are	able	to	satisfy	the	equation	of	d	*	e	≡	1	(mod	φ(n)).				 	

	The	encryption	method	is	as	follows.	The	value	m’		refers	to	the	cipher	text.	The	value	
m		refers	to	the	original	message.		

	𝑚𝑚t = 	𝑚𝑚v	𝑚𝑚𝑚𝑚𝑚𝑚	𝑛𝑛	
	The	decryption	method	is	as	follows.		
	𝑚𝑚	 = 	𝑚𝑚′{	𝑚𝑚𝑚𝑚𝑚𝑚	𝑛𝑛	
	These	two	equations	show	that	by	holding	the	value	of	the	cipher	text	mm’’		modular	n	

to	the	power	of	d,,	the	number	reverts	back	into	the	value	of	m..	The	cyclical	nature	of	modular	
is	what	protects	the	integrity	of	the	RSA	system.	

The	only	value	that	will	be	let	known	to	the	public	will	be	the	value	n	and	e.	Hence,	
these	two	values	become	public	keys.	The	security	of	the	RSA	is	not	compromised	because	
of	how	extremely	difficult	to	derive	p		and	q	from	n,,	and	also	the	cyclical	nature	of	modular.	
If	p		and	q		become	known	publically,	it	would	be	easy	to	find	out	the	totient	φ(n),	and	the	
private	key	d.	

The	private	key	is	the	value	d,	because	that	is	the	value	needed	to	decrypt	a	message.	
The	beauty	of	this	encryption	system	is	that	whilst	anybody	can	send	an	encrypted	message,	
only	those	with	the	access	to	the	private	key	can	decrypt	it.	

Some	 useful	 results	 on	 factorization	 and	 primality	 testing	 are	 derived	 in	 (Pollard,	
1974),	and	some	necessary	number	theory	definitions	and	principles	can	be	found	in	[9].	
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Implementation of RSA Cryptosystem in Wolfram Mathematica 

Firstly,	we	 need	 functions	 to	 deal	with	 the	 conversion	 of	 strings	 of	 character	 into	
numbers	and	vice	versa.	StrToNum	function	requires	a	string	as	an	input	parameter.	It	then	
transforms	 the	 input	 string	 to	 a	 decimal	 number	 that	 denotes	 the	 characters	 in	 the	RSA	
cryptosystem.	In	the	case	where	string	contains	non-English	alphabet	characters,	a	number	
which	 will	 not	 be	 converted	 in	 RSA	 will	 be	 return	 as	 an	 output.	 Standard	 Mathematica	
function	 ToCharacterCode[string]	 gives	 a	 list	 of	 the	 integer	 codes	 corresponding	 to	 the	
characters	in	a	string.	

	
StrToNum[str_]:= Module[{c,result}, 
   c=ToCharacterCode[ToLowerCase[str]]-97+1; 
      result=FromDigits[StringJoin[IntegerString[c,10,2]]]; 
   Return[result]; 
]; 
 
Then	we	have	the	NumToStr	function,	which	requires	a	decimal	number	as	an	input	

and	contains	commands	for	converting	the	number	to	a	string	which	is	represented	in	the	
RSA	 cryptosystem	by	 the	 input	 number.	 It	 is	 assumed	 that	 the	 input	 is	 valid	 and	 can	be	
transformed	 to	 RSA.	 Therefore,	 a	 built-in	 function	 FromCharacterCode[n]	 gives	 a	 string	
consisting	of	the	character	with	integer	code	n.	

NumToStr[num_]:= 
  Module[{m=IntegerDigits[num], result}, 
   If[Mod[Length[m],2]!=0,m=Insert[m,0,1]]; 
    
   
result=StringJoin[FromCharacterCode/@((FromDigits/@Partitio
n[m,2])-1+ToCharacterCode["A"])]; 
   Return[result]; 
   ]; 
	
The	RSALetters	function	has	a	parameter	which	requires	a	string	of	characters	that	

may	enclose	blanks	characters	and	punctuation	as	input.	Capital	letters	are	also	allowed.	This	
function	 removes	 characters	 which	 are	 not	 letters	 and	 returns	 a	 string	 with	 lowercase	
characters.	It	has	been	assumed	that	the	input	will	not	contain	numbers	or	symbols	that	may	
not	appear	consecutively	in	the	string.	

RSALetters[str_] := 
  Module[{s, res}, 
   s = StrToNum[str]; 
   s = ToCharacterCode[NumToStr[s]]; 
   For[i = 1, i <= Length[s], i++, 
    If[! (s[[i]] > 64 && s[[i]] < 91), 
     s = Delete[s, i]] 
    ]; 
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   res = ToLowerCase[FromCharacterCode[a]]; 
   Return[res]; 
   ]; 
 
In	order	to	implement	the	function	for	encryption,	an	RSA	encryption	key	represented	

by	an	ordered	pair	(n,	e)	and	a	message	m	are	required.	Therefore,	n	is	usually	equal	to	the	
product	of	two	prime	numbers.	Encryption	exponent	e	is	usually	relatively	prime,	and	the	
passed	message	may	contain	capital	letters,	white	spaces	and	punctuation	as	well.	Then,	RSA	
encryption	using	modular	exponentiation	is	performed	to	generate	the	coded	message	in	the	
numerical	 form.	 Of	 course,	 if	 an	 irregular	 values	 for	 parameters	 n	 and	 e	 are	 given,	 the	
returning	result	may	also	be	invalid.	PowerMod[a,b,m] gives	a^b	mod	m.	

Encryption[n_, e_, m_] := 
  Module[{letters, result}, 
   letters = RSALetters[m]; 
   letters = StrToNum[letters]; 
   result = PowerMod[letters, e, n]; 
   Return[result]; 
   ]; 
	
Then	we	have	the	Decryption	function	which	takes	a	RSA	decryption	key	(n,	d)	and	a	

coded	message	c	as	 input	parameters.	Therefore,	n	 is	usually	equal	to	the	product	of	 two	
prime	numbers.	Encryption	exponent	e	is	usually	relatively	prime,	and	the	passed	message	
may	 contain	 capital	 letters,	white	 spaces	 and	 punctuation	 as	well.	 Then,	 RSA	 decryption	
procedure	using	modular	exponentiation	 is	performed	 to	generate	 the	decoded	message.	
Once	again,	if	an	irregular	values	for	parameters	n	and	d	are	given,	the	returning	result	may	
also	be	invalid.	

Decryption[n_, d_, c_] := 
  Module[{m, result}, 
    
   m = PowerMod[c, d, n]; 
   result = NumToStr[m]; 
   Return[result]; 
   ]; 
	

Weaknesses of the RSA Cryptosystem 

Although	the	RSA	 is	widely	used	and	trusted	by	many,	no	cryptosystem	is	without	
weakness.	 Although	 very	 difficult,	 it	 may	 be	 possible	 in	 some	 favorable	 scenarios	 for	
cryptanalysts	to	either	secure	the	decryption	key	and	decrypt	a	specific	message	(without	
establishing	the	decryption	key).		

How	does	a	cryptanalyst	go	about	deciphering	a	message?	It	is	impossible	to	derive	
the	private	key,	dd,	from	the	encrypted	message,	but	it	becomes	possible	if	the	cryptanalyst	
knows	 the	 original	 message.	 This	 is	 because	 the	 cryptanalyst	 can	 substitute	 the	 known	
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values	into	the	equation	𝑚𝑚	 = 𝑚𝑚′{	𝑚𝑚𝑚𝑚𝑚𝑚	𝑛𝑛,	which	only	leaves	the	private	key	as	an	unknown	
variable.	Therefore,	finding	the	decryption	key	becomes	very	easy.			

Assuming	that	the	cryptanalyst	can	distort	the	messages	being	sent	to	the	recipient,	a	
nonsensical	message	can	be	sent	instead.	This	can	cause	unwonted	confusion	between	the	
two	parties,	with	the	possibility	that	the	message	will	be	sent	back	as	a	confirmation.	Now,	
the	cryptanalyst	knows	the	value	of	the	original	message	and	its	encrypted	equivalent.		

Undoubtedly,	it	is	not	as	simple	as	it	was	described	previously.	In	fact,	that	situation	
earlier	is	the	most	ideal	scenario	of	all	hackers	and	analysts.	There	are	many	factors	in	the	
way	 that	 complicates	 a	 cryptanalyst’s	 endeavors.	 Firstly,	 there	 is	 no	 guarantee	 that	 the	
message	will	 be	 sent	 back	 encrypted.	 In	 fact,	 the	 recipient	 could	 just	 as	well	 ask	 for	 the	
message	to	be	sent	again.	Secondly,	even	if	information	of	the	nonsensical	message	is	sent	
back	from	the	recipient,	most	likely	it	would	not	contain	all	of	the	information.	For	example,	
only	the	parity	information,	which	is	a	single	value	of	1	or	0	that	checks	the	integrity	of	the	
message	can	be	sent	back.	Finally,	 the	biggest	hurdle	 for	hackers	 is	circumventing	digital	
signatures.		

Description of a Short Message RSA Attack 

This	technique	relies	on	two	conditions	for	a	chance	of	it	succeeding:	First,	the	hacker	
must	have	a	good	grasp	of	what	the	possible	plaintext	messages	could	be.	For	example,	if	it	
a	conversation	between	two	people,	it	is	likely	they	exchanged	a	greeting	of	sorts	(Ferguson,	
Schneier.	2003).	Therefore,	a	hacker	can	deduce	that	the	initial	messages	could	possibly	be,	
“hi”,	“hey”,	“hello”,	and	etcetera.	Second,	the	message	needs	to	be	very	short.	This	condition	
exists	 not	 only	 because	 it	 is	 nigh	 impossible	 to	 accurately	 guess	 the	 contents	 of	 long	
messages,	but	also	this	method	is	heavy	on	trial	and	error,	so	long	messages	take	too	long	
when	attempting	to	decrypt	them	many	times.	Once	these	two	conditions	are	met,	the	hacker	
can	compare	the	bit	values	of	the	possible	messages	and	the	cipher	text	together	to	an	idea	
of	how	the	RSA	system	is	encoded.	Afterwards,	the	cryptanalyst	can	establish	the	private	key	
of	the	asymmetric	encryption.		

Like	the	strategies	mentioned	before,	this	attack	has	too	many	flaws	to	be	realistic.	
One	flaw	is	that	luck	is	the	main	factor	which	determines	the	success	of	the	attack.	The	fact	
that	the	hacker	has	to	accurately	guess	each	 letter	of	 the	 initial	message	for	the	attack	to	
succeed	is	too	unreliable.	However,	its	greatest	flaw	lies	in	the	fact	that	this	attack	is	easily	
countered	by	a	method	called	OAEP,	which	is	an	algorithm	that	adds	random	bits	at	the	start	
and	end	of	the	message	(see	[10]).	This	counter-measure	is	very	effective,	because	even	if	
the	hacker	does	guess	the	contents	of	the	message	correctly,	he	cannot	derive	the	bit	value	
of	the	plaintext	message.		

The	 following	 figure	 is	 a	 very	 detailed	 flowchart	which	 documents	 how	 the	OAEP	
works.	For	more	information	about	hash	functions,	we	refer	to	[7].	
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Chinese Remainder Theorem 

The	 Chinese	 Remainder	 Theorem	 is	 a	 method	 for	 cryptanalysts	 to	 decrypt	 the	
contents	of	specific	messages	without	establishing	the	private	key	d..				

How does padding work in RSA? 

 
OAEP	works	by	adding	an	element	of	randomness	to	the	original	message	M.	As	you	can	see	in	the	
diagram,	a	random	number	with	k0	bits	is	generated	and	denoted	as	r.	r	is	then	hashed	into	a	n-k0	
long	number	and	put	into	XOR	operation	with	the	original	message.	This	is	the	value	X.	Then,	the	X	
is	then	hashed	into	k0	bits,	and	put	into	an	XOR	operation	with	r.	What	results	is	Y.	The	result	is	the	
message	is	broken	into	two	parts,	X	and	Y,	which	is	concatenated	together.	The	beauty	of	this	system	
is	that	by	adding	random	bits	into	the	message,	it	protects	RSA	from	many	attacks	that	exploits	its	

k 		

A	short	flowchart	of	OAEP	[15].	
	

Let	the	message	be	n-k0	bit	long.		
	

G	and	H	are	both	hash	functions.	
	

The	 final	 message	 is	 n	 bit	 long,	
because	X	and	Y	is	concatenated.		
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To	explain	the	Chinese	Remainder	Theorem,	assuming	that	a	set	of	positive	integers	
that	 have	 the	 elements	 n1,	 n2,…	 nk	 is	 pairwise	 coprime,	 then	 for	 any	 given	 sequence	 of	
integers	 a1,	 ...,	 ak,	 there	 must	 exist	 an	 integer	 x	 which	 satisfies	 the	 following	 system	 of	
simultaneous	congruencies:	

	

	Then,	 this	 is	 the	 algorithm	 in	 the	 Chinese	 Remainder	 Theorem	 that	 allows	 us	 to	
calculate	𝑥𝑥	from	the	system	of	congruences.		

	
IInnppuutt::		Positive	integers	𝑛𝑛1, 𝑛𝑛2, … 	𝑛𝑛𝑘𝑘		

	
1:			Calculate	the	product	of	𝑛𝑛1, 𝑛𝑛2, … 	𝑛𝑛𝑘𝑘	:			

M = 𝑛𝑛Ç

É

ÇÑÖ

	

2:			For	all	𝑖𝑖𝑖𝑖 1,2, … , 𝑘𝑘 	calculate	
𝑀𝑀â = 	𝑀𝑀𝑛𝑛𝑖𝑖.	

3:			 Find	𝑀𝑀â
äÖ𝑚𝑚𝑚𝑚𝑚𝑚	𝑛𝑛â	using	the	extended	Euclid’s	algorithm		

4:				 Calculating	the	sum	

𝑥𝑥 = 𝑎𝑎â𝑀𝑀â

å

âÑÖ

𝑀𝑀â
äÖ	(𝑚𝑚𝑚𝑚𝑚𝑚	𝑀𝑀)	

	
Algorithm 1. Chinese remainder theorem algorithm 

	

	However,	in	the	context	of	RSA,	the	values	used	are	a	bit	different.	By	denoting	the	
original	message	 as	MM,	 another	 system	of	 congruence	 is	 created.	We	use	 these	 values	 to	
calculate	the	specific	contents	of	the	message.	

𝑀𝑀ç 	= 	𝑀𝑀	𝑚𝑚𝑚𝑚𝑚𝑚	𝑝𝑝	

𝑀𝑀é 	= 	𝑀𝑀	𝑚𝑚𝑚𝑚𝑚𝑚	𝑞𝑞	

A	timing	attack	from	(Schindler,	2000)	enables	the	factorization	of	an	RSA-modulus	
in	 the	 case	where	 the	 exponentiation	with	 the	unknown	exponent	 considers	 the	Chinese	
Remainder	Theorem.	
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Modulo Factorization 

Modulo	 factorization	 is	 a	 method	 in	 which	 cryptanalysts	 can	 use	 to	 establish	 the	
decryption	key	b.	It	is	similar	to	the	brute	force	method	of	factorizing	n	into	the	two	prime	
numbers,	except	that	the	field	of	search	is	much	narrower.	In	order	to	explain	how	modulo	
factorization	works,	there	are	few	points	of	pre-requisite	knowledge.		

	1.	Suppose	there	is	an	array	of	all	prime	numbers	between	2	and	an	integer	B.	This	
integer	is	estimated.		The	elements	of	the	array	will	look	something	like	this:	

	𝔭𝔭Ö = 2, 𝔭𝔭ê = 3,… , 𝔭𝔭ë£	𝐵𝐵,	 
which	hopefully	contains	all	the	prime	factors	of	p	–	1.	If	 it	does	not,	the	algorithm	

fails,	so	the	estimation	of	B	will	have	to	be	increased	when	the	algorithm	runs	again.			
	2.	Each	element	in	the	array	will	be	raised	to	the	power	of	m(p).	The	value	m(p)	is	

defined	 such	 that	 𝔭𝔭𝔪𝔪(𝔭𝔭)	will	 always	 be	 lesser	 or	 equal	 to	 n,	 like	 this:	 𝔭𝔭𝔪𝔪(𝔭𝔭) ≤ 𝑛𝑛 < 𝔭𝔭𝔪𝔪 𝔭𝔭 óÖ.	
Therefore,	m(𝔭𝔭â)	 is	 actually	 calculated	 by	𝔪𝔪 𝔭𝔭 = 𝐿𝐿𝑚𝑚𝑔𝑔𝔭𝔭𝑛𝑛 .	Due	 to	 the	Gauss	 function,	 all	
numbers	are	still	integers.	

	3.	The	products	of	all	𝔭𝔭𝔪𝔪(𝔭𝔭)	will	be	denoted	as	QQ,	as	Q=2𝔪𝔪(ê)3𝔪𝔪(õ)×⋯×𝔭𝔭ë
𝔪𝔪(𝔭𝔭û).	Since	

the	number	pp	-	1	is	composite,	and	assuming	the	integer	bb	is	big	enough,	QQ	will	contain	all	
prime	factors	of	pp		–	1.	Therefore,	pp		–	1	is	actually	a	factor	of	QQ.		

	4.	 Fermat’s	 Little	 Theorem	 shows	 that	 𝐴𝐴çäÖ ≡ 1	 𝑚𝑚𝑚𝑚𝑚𝑚	𝑝𝑝 .	 This	 congruence	 can	 be	
rearranged	 as	 𝐴𝐴† ≡ 1	 𝑚𝑚𝑚𝑚𝑚𝑚	𝑝𝑝 ,	 because	 the	 congruence	 can	 be	 applied	 to	 a	 power.	 This	
shows	that	𝐴𝐴† = 𝑝𝑝𝑝𝑝 + 1,	which	suggests	that	𝐴𝐴† − 1 = 𝑝𝑝𝑝𝑝,	which	means	p	definitely	divides	
𝐴𝐴† − 1.	Thus,	𝐺𝐺𝐺𝐺𝐺𝐺(𝐴𝐴† − 1, 𝑛𝑛)	has	to	equal	either	either	n,	or	p.	Finding	p		 is	the	favorable	
outcome	that	cryptanalysts	want.	This	is	the	basic	idea	behind	modulo	factorization.		

	To	start	the	algorithm,	the	value	of	A	has	to	be	decided.	It	can	be	any	prime	number	
as	long	as	it	is	less	than	n.	Then,	let	us	observe	𝐴𝐴Ö = 𝐴𝐴 ê𝔪𝔪 ¶ .	Just	as	a	reminder,	the	value	
m(2)	refers	to	the	power	which	satisfies	𝔭𝔭𝔪𝔪(𝔭𝔭) ≤ 𝑛𝑛 < 𝔭𝔭𝔪𝔪 𝔭𝔭 óÖ.	After	finding	the	value	of	𝐴𝐴Ö,	
calculate	GCD(𝐴𝐴Ö, 𝑛𝑛).	There	are	two	possible	outcomes,	1	or	p.	If	the	answer	is	1,	then	we	find	
the	value	of	𝐴𝐴ê,	which	is	𝐴𝐴Öõß(õ),	or	𝐴𝐴 ê𝔪𝔪 ¶ ∗(õ𝔪𝔪 © ).	If	the	GCD	of	𝐴𝐴ê	and	n	is	still	1,	then	there	
is	no	choice	but	to	continue	on	to	finding	the	GCD	of	𝐴𝐴õ	and	n,	onwards	until	𝐴𝐴å	is	reached.	
If	by	𝐴𝐴å	the	GCD	is	still	1,	then	it	means	that	the	estimate	of	B	was	too	small.	If	at	any	point	
the	GCD	is	p,	then	the	algorithm	is	stopped	since	that	is	all	the	information	a	cryptanalyst	
needs	to	establish	a	decryption	key.		

	

Shor’s Algorithm and How it is Used to Break RSA Encryption 

The	 security	 of	 the	 RSA	 cryptosystem	 comes	 from	 the	 notion	 that	 the	 factoring	
problem	is	NP-hard	and	that	the	decryption	of	an	RSA	code	is	very	hard	since	there	are	no	
efficient	 algorithms	 to	 factor	 huge	 numbers.	 	 But	 Shor’s	 algorithm	 involves	 a	 quantum	
computer	being	used	 to	 factor	 a	number	 	 in	polynomial	 time.	Therefore,	 this	 algorithm	
should	in	theory	be	efficiently	used	to	break	RSA	codes.	(Martin-Lopez,	2012)	performed	an	
experimental	realization	of	Shor's	quantum	factoring	algorithm	using	recycling	of	qubits.		
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A	quantum	computer	can	be	used	for	solving	a	factoring	problem	by	using	some	well-
known	mathematical	properties	of	 the	 factoring.	 If	a	non-negative	 integer	n	 is	given,	 it	 is	
known	that	n	has	one	factorization,	and	therefore	some	mathematical	properties	should	be	
utilized.	There	is	a	statement	holding	that	the	prime	number	factorization	problem	can	be	
deduced	to	a	problem	of	finding	a	period.	For	example,	let	us	consider	the	array	of	powers	of	
two.	Then,	 let	us	make	a	new	sequence	containing	 the	 remainders	when	each	number	 is	
divided	by	15.	Then	we	get	the	periodic	sequence	2, 4, 8, 1, 2, 4, 8, 1, 2, 4, . ..	The	period	of	this	
sequence	is	equal	to	four.		

The	 following	 well	 known	 theorem	 gives	 us	 the	 conditions	 for	 this	 periodical	
sequences.	

TThheeoorreemm		11..		Let	 	be	the	product	of	two	prime	numbers,	 	and	 .	Let	us	suppose	that	
a	number	 	is	not	divisible	by	 	or	 ,	and	observe	the	following	sequence	of	modulo	n:	

𝑥𝑥 ≡™, 𝑥𝑥ê ≡™, 𝑥𝑥õ ≡™,… 

Then	the	sequence	will	repeat	with	some	period	that	evenly	divides	(𝑝𝑝 − 1)(𝑞𝑞 − 1).	
Now,	 let	 us	 consider	 the	 sequence	 of	 powers	 of	 two	modulo	 21.	 In	 this	 case,	 the	

periodic	sequence	2, 4, 8, 16, 11, 1, 2, 4, 8, 16, …	is	determined	whose	period	is	equal	to	6.	We	
have	that	n=21	which	has	the	prime	factors	3	and	7.	Then	𝑃𝑃 = (𝑝𝑝 − 1)(𝑞𝑞 − 1)	=	12	and	it	is	
divisible	by	the	period	of	6.	

Therefore,	in	the	case	one	can	obtain	the	period	of	the	sequence	
𝑥𝑥 ≡™, 𝑥𝑥ê ≡™, 𝑥𝑥õ ≡™,… 

then	we	 have	 a	 divisor	 of	 𝑃𝑃.	 If	 we	 obtain	 several	 random	 divisors	 of	 𝑃𝑃	 by	 trying	
different	random	values	of	 ,	then	we	can	multiply	those	divisors	together	to	obtain	𝑃𝑃	itself,	
and	then	one	can	obtain	 	and	 .	

However,	even	though	the	sequence	
𝑥𝑥 ≡™, 𝑥𝑥ê ≡™, 𝑥𝑥õ ≡™,… 

is	periodical,	the	degree	of	the	period	can	be	greater	or	equal	to	 .	If	we	remember	
that	in	the	RSA	cryptosystem	n	is	a	big	number,	it	is	necessary	to	define	Shor’s	algorithm	to	
speed	it	all	up.	Here	is	the	description	of	the	Shor’s	algorithm	given	in	Algorithm	2	(Shor,	
1997).	

 
IInnppuutt::		Positive	integer	n,	a	number	𝑥𝑥	

	
1:	 	 	 Choose	 a	 positive	 integer	 .	 Compute	 GCD(m,n)	 using	 the	 Euclidean	
algorithm.		
If	GCD(m,n)<>1,	then	return	a	factor	of	 	and	exit.		
If	GCD(m,n)	=	1	go	to	step	2.	
2:			Calculate	the	period	 	of	the	sequence	

𝑥𝑥 ≡™, 𝑥𝑥ê ≡™, 𝑥𝑥õ ≡™,…	
3:			 If	 	is	an	odd	number,	go	to	step	1.		
If	 	is	even,	go	to	step	4.	
	
4:				 If	𝑚𝑚ç/ê + 1	is	equal	to	zero	modulo	n,	go	to	step	1.		
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If	𝑚𝑚ç/ê + 1	is	not	equal	to	zero	modulo	n,	go	to	step	5.		
5.		 Compute	𝐺𝐺𝐺𝐺𝐺𝐺(𝑚𝑚ç/ê + 1, 𝑛𝑛)	using	the	Euclidean	algorithm	and	denote	it	by	d.	
Return	d	as	the	result.	

 
Algorithm 2. Shor’s algorithm 

 
Using	Algorithm	2,	the	problem	of	factoring	an	odd	positive	integer	 	is	deduced	to	

the	 task	of	calculating	 the	period	of	a	sequence.	Step	2	of	Algorithm	2	relies	on	quantum	
computers	property	to	be	in	many	states	simultaneously.		

It	is	known	that	in	quantum	mechanics,	this	information	cannot	be	obtained	directly,	
but	a	measurement	has	to	be	used	which	will	acquire	only	one	of	values.	Therefore,	one	has	
to	alter	the	superposition	to	a	different	state	that	will	return	the	correct	period	with	a	large	
probability,	 using	 the	 quantum	Fourier	 transform.	 These	 are	 the	main	 features	 of	 Shor’s	
algorithm	for	calculating	the	period:	

To	build	a	superposition	of	states,	Hadamard	gates	of	the	qubits	in	the	goal	register	
are	usually	computed.	

The	 function	 f	 is	 often	 implemented	 as	 a	 quantum	 change,	 where	 a	 sequence	 of	
recurrent	squaring	is	used	for	modular	exponentiation	transform.	

Often,	a	quantum	Fourier	transform	is	performed.	
After	 these	 features	 are	 performed,	 an	 approximation	 to	 the	 period	 P	 can	 be	

determined.	

Implementation of the Continuous Fraction Attack 

The	algorithm	for	continuous	fraction	attack	should	take	a	RSA	encryption	key	(n,	e)	
as	an	input,	following	these	basic	steps:		
• Factor	the	modulus	value	n	and	determine	the	decryption	exponent	d	and	the	

reciprocal	value	of	the	encryption	exponent	e,	if	these	values	can	be	obtained;		
• If	d	or	e	cannot	be	determined,	this	indicates	that	the	attack	has	failed.		
• At	the	beginning,	calculate	the	continued	fraction	v

™
	and	convergent	value	and	then	

evaluate	the	following	fraction:		

𝑐𝑐 =
𝑒𝑒 ∙ 𝑞𝑞 𝑖𝑖 − 1

𝑝𝑝(𝑖𝑖)  

• Repeat	until	c	becomes	an	integer.		
• Then,	solve	the	following	equation		

 𝑥𝑥ê 	−	(𝑛𝑛	 − 	𝑐𝑐	 + 	1)	𝑥𝑥	 + 	𝑛𝑛	 = 	0  

for	the	two	roots	denoted	by	p	and	q,	which	are	the	factors	of	n.	
• In	the	case	that	c	is	not	an	integer	or	the	roots	p	and	q	are	not	obtained,	test	the	next	

convergent	until	these	are	exhausted. 		
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	 	 The	 standard	 Mathematica	 function	ContinuedFraction[x]	 generates	 a	 list	 of	 all	
terms	that	can	be	obtained	given	the	precision	of	x.	Then	we	use	Convergents[list]	which	gives	
a	list	of	the	convergents	corresponding	to	the	continued	fraction	terms	list.	Finally,	IntegerQ 
tests	whether	an	expression	is	explicitly	an	integer.	

The	algorithm	is	given	as	follows.	
FractionAttack[n_, e_] := 
  Module[{numerator, denominator, cf, convergents, code, p, q, 
d}, 
   cf = ContinuedFraction[e/n]; 
   convergents = Convergents[cf]; 
    
   For[i = 1, i <= Length[cf], i++, 
    numerator = e*Denominator[convergents[[i]]] - 1; 
    denominator = Numerator[convergents[[i]]]; 
    code = numerator/denominator; 
     
    If[IntegerQ[code], 
     s = Solve[x^2 - (n - code + 1) x + n == 0, x]; 
     p = x /. s[[1]]; 
     q = x /. s[[2]]; 
      
     If[IntegerQ[p] && IntegerQ[q], 
      Return[{p, q, PowerMod[e, -1, (p - 1) (q - 1)]}]; 
      ] 
     ] 
    ]; 
    
   Return[{}]; 
   ]; 

Conclusion 

More	than	30	years	of	research	in	RSA	cryptography	have	given	us	some	discerning	
attacks.	 These	 attacks	were	 primarily	 used	 to	 depict	 the	 drawbacks	 to	 be	 evaded	when	
implementing	RSA.	Currently,	it	seems	that	appropriate	implementations	can	be	very	secure	
of	the	attacks.	

In	this	paper,	some	known	attacks	on	RSA	were	categorized.	We	mainly	focused	on	
attacks	 on	 the	 implementation	 which	 demonstrate	 that	 a	 revision	 of	 the	 fundamental	
mathematical	construction	is	unsatisfactory.	However,	it	has	been	determined	that	much	of	
the	attacks	can	be	avoided	by	appropriately	packing	the	message	preceding	to	encryption.	
This	project	may	lead	to	extensive	research	on	RSA’s	resilience	to	quantum	computer	attacks	
in	the	near	future.	
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Gender HCI Accounting For Ambiguity 

Jihye Park 
Oaks Christian School 

Introduction 

Mark	Weiser,	who	first	created	the	term	“ubiquitous	computing”	to	describe	a	future	
where	computers	were	present	in	everyday	and	commonplace	technology,	once	said,	“The	
most	profound	technologies	are	those	that	disappear.	They	weave	themselves	into	the	fabric	
of	everyday	life	until	they	are	indistinguishable	from	it	(Weiser,	1991).”	Society	utilizes	many	
tools	of	the	technical	age	for	entertainment,	convenience,	and	discovering	new	information.	
Although	we	take	advantage	of	the	conveniences	and	customizations	provided	by	various	
technologies	 into	 our/their	 normal	 routines,	 not	 all	 of	 the	 impacts	 are	 positive.	 Certain	
technologies	 may	 exacerbate	 feelings	 of	 dissonance	 in	 regards	 to	 the	 way	 we	 identify	
ourselves.	Furthermore	it	has	become	increasingly	obvious	that	technological	design	is	not	
performed	 in	a	ubiquitous	manner	which	considers	all	potential	user	bases.	Of	particular	
note	is	the	lack	of	inclusion	of	gender.	

When	 product	 design	 is	 being	 considered,	 gender	 can	 be	 an	 intentional	 or	
unintentional	 component.	 Depending	 on	 the	 gender	 of	 the	 target	 consumer,	 cultural	
stereotypes	of	either	masculinity	or	femininity	are	projected	into	the	product	specifications	
(Sparke,	1995).	However,	even	when	a	product	 is	created	with	no	target	gender	 in	mind,	
studies	show	that	the	choice	of	design	is	often	based	on	a	male	user	(Rommes,	2002).	This	is	
expected	to	be	caused	by	the	fact	that	men	make	up	most	of	the	engineering	and	product	
design	fields.	Therefore,	they	tend	to	create	products	based	upon	their	own	preferences	(Van	
Oost,	2003).	

The	 rising	 diversity	 in	 technology	 has	 resulted	 in	 many	 researchers	 conducting	
studies	on	the	effectiveness	of	the	existing	technology	in	responding	to	the	unique	needs	of	
all	 types	 of	 gender.	 Understanding	 the	 role	 of	 gender	 in	 human-computer	 interface	 is	
important	in	developing	effective	solutions	to	technical	features	that	present	difficult	user	
experiences.	In	order	for	the	needs	of	diverse	categories	of	users	to	be	met,	designers	must	
address	the	unique	needs	of	consumers	of	all	difference	genders	(Gorman,	Oct	1	2001).	For	
instance,	voice	 recognition	software	has	difficulties	with	 certain	 types	of	voice	 ranges,	 in	
particular	those	of	women	(Rodger	&	Pendharkar,	2004).		

In	spite	of	the	gender	exclusion	that	characterizes	most	technologies,	a	few	tools	and	
instruments	 have	 demonstrated	 a	 deliberate	 attempt	 to	 address	 the	 concerns	 of	 all	
consumers.		The	shaving	razor	is	one	of	the	most	effective	examples	of	gender	inclusion	and	
represents	an	early	example	of	gender	differences	being	considered	as	part	of	 the	design	
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process	(Van	Oost,	2003)	.	The	designers	recognized	the	ubiquitous	nature	of	technology.	
Consequently,	they	developed	a	resource	that	met	the	needs	of	both	male	and	female	users.	
By	the	early	20th	century,	changes	in	fashion	shifted	toward	trends	which	exposed	more	skin.	
This	created	a	need	in	the	female	demographic	for	shaving	razors	which	were	tailored	to	
their	physique.	Before	 this	 time,	 razers	were	used	primarily	by	men	and	designs	did	not	
account	for	gender	specific	differences.		However,	in	the	1920’s,	companies	such	as	Phillips	
and	Gillette	designed	razors	with	wider	and	rounder	shaving	heads	which	were	a	closer	fit	
against	the	female	curvature	(Van	Oost,	2003).	Later	developments	included	electric	razors	
which	could	be	used	in	the	shower	and	had	specific	heads	for	armpits	and	legs.	Furthermore,	
designs	were	highly	focused	on	aesthetics,	with	intentional	design	choices	aimed	at	causing	
an	association	with	cosmetics	rather	than	technology	which,	in	the	landscape	of	the	1920’s,	
led	to	successful	marketing	to	women	(Van	Oost,	2003).		

However,	 most	 technologies	 do	 not	 take	 gender	 into	 consideration.	 Even	 highly	
popular	and	ubiquitously	utilized	devices	such	as	the	iPhone	fail	to	develop	gender-inclusive	
products.	Many	women	feel	as	if	the	iPhone	6	was	not	made	with	their	needs	in	mind	with	
reports	 that	 the	 iPhone	 6	 was	 literally	 tearing	 out	 their	 hair	 during	 phone	 calls.	 They	
reported	that	long	hairs	would	get	caught	in	between	the	phone	cover	and	the	screen	and	
their	 hair	would	 get	 ripped	 out	 after	 ending	 their	 phone	 call	 (Sanghani,	 2014).	 Another	
common	complaint	is	that	the	size	of	the	iPhone	6	is	too	big	for	women	(Sanghani,	2014).	
Women	find	it	difficult	to	use	the	iPhone	6	with	a	single	hand	due	to	the	size	of	the	screen.	
The	 observation	 demonstrates	 an	 opportunity	 for	 companies	 to	 enhance	 their	 user	
satisfaction	rates	by	embracing	gender	sensitive	human	computer	interfaces.		

The Role of Gender on User Self-Efficacy in HCI 

Self-efficacy	is	a	form	of	confidence	which	refers	to	the	belief	that	an	individual	has	on	
their	 ability	 to	 accomplish	 a	 task-based	 or	 goal-based	 endeavor	 (Bandura,	 1978).	 Self-
efficacy	 has	 a	 profound	 impact	 on	 multiple	 human	 experiences	 and	 the	 cognitive	 self-
evaluation	that	is	involved	in	this	process	has	a	critical	impact	on	the	goals	that	individuals	
strive	to	reach	and	their	commitment	towards	achieving	them	(Bandura,	1978).	It	is	a	crucial	
factor	in	cognitive	strategies	used	while	solving	problems	and	has	a	direct	correlation	with	
the	amount	of	effort	the	individual	exerts	(Burnett	et	al.,	2010).	It	also	has	a	critical	impact	
on	the	likelihood	of	realizing	identified	goals.	Self-efficacy	varies	based	on	the	environment	
around	a	person	and	the	opportunities	that	are	provided	in	the	society.	Self-efficacy	has	a	
significant	impact	on	market	research	and	understanding	consumer	behavior.		

The	concept	of	self-efficacy	is	an	important	part	of	the	social	cognitive	theory	that	was	
presented	by	Albert	Bandura.	 It	emphasizes	 the	role	of	observational	 learning,	reciprocal	
determinism	 and	 social	 interactions	 in	 the	 development	 of	 a	 personality.	 The	 attitudes,	
abilities	and	cognitive	skills	of	an	individual	form	their	self-system	and	have	a	consequential	
impact	on	how	 they	perceive	 themselves	 (Beckwith,	Burnett,	Grigoreanu,	&	Wiedenbeck,	
2006).	 	 Individuals	with	a	strong	sense	of	self-efficacy	demonstrate	 the	ability	 to	recover	
from	setbacks	and	disappointments.	 In	addition,	 they	are	more	committed	 to	 their	goals.	
They	are	also	more	willing	 to	develop	diverse	 interests.	They	are	also	more	 likely	 to	 see	
difficult	situations	as	opportunities	for	mastering	new	tasks.	Thus,	as	we	consider	the	role	
on	gender	on	HCI,	it	is	important	to	also	consider	the	effects	of	gender	on	self-efficacy.		
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The	 literature	 has	 demonstrated	 that	 there	 are	 substantial	 differences	 in	 the	 self-
efficacy	of	males	versus	 females	 in	relation	to	the	utilization	of	 technology	(Broos	&	Roe,	
2006).	Studies	have	shown	that	men	have	significantly	more	confidence	when	dealing	with	
computers,	utilizing	 the	 Internet	and	digital	media.	Men	spend	more	 time	online	and	are	
shown	 to	 have	 more	 interest	 in	 computer-related	 activities	 than	 women	 (Beentjes,	
d’Haenens,	 van	 der	 Voort,	 &	 Coolastra,	 1999).	 According	 to	 large-scale	 samples,	 nearly	
seventy-five	 percent	 of	 non-users	 were	 women.	 Additionally,	 nine	 out	 of	 ten	 women	
reported	a	greater	feeling	of	anxiety	in	regards	to	items	associated	with	computers	than	men	
(Broos	&	Roe,	2006).	These	data	clearly	show	that	there	is	a	divide	between	how	computers	
are	perceived	by	men	and	women.	It	is	likely	that	lowered	self-efficacy	in	women	is	driven	
by	design	choices	which	have	not	included	women	in	the	design	process.		

The Effects of Gender on Technology Utilization 

Considerable	research	has	demonstrated	that	gender	is	an	important	consideration	in	
human-computer	 interactions.	 Gender	 influences	 the	 way	 we	 use	 and	 perceive	 various	
technologies	and	categories	of	HCI	which	are	influenced	by	gender	include	web	applications,	
online	shopping,	virtual	environments,	gaming,	GPS	systems,	decision	support	systems,	and	
office	 software	 (Koulouri,	 Lauria,	 &	 Macredie,	 2017).	 Furthermore,	 it	 has	 been	 well	
established	 that	gender	has	a	considerable	effect	on	computer	mediated	communications	
and	computer	supported	cooperative	work	(Koulouri	et	al.,	2017).	In	this	section,	we	will	
review	 the	 current	 landscape	 about	 what	 is	 known	 regarding	 gender	 differences	 in	 the	
preceding	categories	of	HCI.		

Internet Usage 

Research	has	found	that	there	are	distinct	gender	differences	in	relation	to	Internet	
usage	(Hsu,	2012).	Studies	show	that	the	time	women	spend	online	is	used	more	often	as	a	
means	 of	 communication	 in	 order	 to	 connect	 with	 others.	 Women	 tend	 to	 offer	 more	
apologies	and	support	than	men	during	online	interactions.	Men	tend	to	gravitate	toward	a	
more	 confident	 use	 of	 language	 and	 use	 the	 Internet	 as	 a	 platform	 for	 challenging	 and	
discussing	ideas	with	others.	For	example,	following	the	September	11,	2001	attacks	on	the	
United	States,	men	went	online	searching	for	information	about	the	events	surrounding	the	
attacks	while	women	used	the	Internet	for	contacting	their	loved	ones	(Fallows,	2005).		

				 There	have	been	found	to	be	a	few	distinct	differences	in	the	preferences	of	
blog	use	between	genders.	In	general,	males	seem	to	find	more	importance	in	the	practical	
functions	of	blogs	then	women,	who	prefer	blogs	which	are	visually	appealing	and	personal	
(Hsu,	 2012).	 Women	 seem	 to	 prefer	 a	 higher	 picture-to-text	 ratio	 than	 men.	 These	
distinctions	are	reinforced	by	data	that	shows	that	women	are	more	emotional	during	text	
conversations	 than	 men;	 with	 women	 using	 emoticons	 to	 further	 express	 themselves	
(Fullwood,	Sheehan,	&	Nicholls,	2009).	These	data	indicate	that	on	a	very	basic	level,	there	
are	significant	gender	differences	in	the	ways	that	men	and	women	use	the	internet.		
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Online shopping 

In	 recent	 history,	 the	 Internet	 has	 been	 accused	 of	 being	 aimed	more	 toward	 the	
preferences	 of	 men	 than	 of	 women.	 The	 male-to-female	 inequality	 in	 the	 technology-
producing	industry	is	suggested	as	one	of	the	possible	causes	of	this	bias	(Bimber,	2000).	
There	 is	 an	 obvious	 gap	when	 interpreting	 data	 between	 genders	 in	 regards	 to	 Internet	
utilization	 as	 well	 as	 online	 shopping	 habits.	 Women	 tend	 to	 be	 more	 hesitant	 when	
shopping	online	due	to	a	higher	perception	of	risk	involved	when	making	purchases	(Bae	&	
Lee,	2010).	Furthermore,	the	research	shows	that	women	tend	to	be	influenced	more	heavily	
by	the	negativity	effect	more	than	men.	The	negativity	effect	dictates	that	a	negative	review	
will	have	more	of	an	impact	than	a	positive	review	(Bae	&	Lee,	2010).	

Gender HCI in Decision Support Systems 

Decision	Support	Systems	(DSS)	are	interactive	computer	systems	that	gather	specific	
information	and	analyze	the	data	to	aid	in	future	decision-making	processes.	Some	common	
examples	 of	 DSS	 applications	 are	 cloud	 software	 that	 allows	 individuals	 to	 collaborate	
online,	 searching	articles	 for	key	words	and	 to	analyze	 the	 statistics	of	business	 revenue	
(Power,	2009).		

With	a	rise	in	the	number	of	women	entering	the	workforce,	extra	attention	needs	to	
be	placed	upon	the	differences	in	the	way	men	and	women	view	and	react	towards	positive	
and	 negative	 feedback.	 This	 is	 also	 true	 when	 discussing	 interactive	 decision	 support	
systems.	These	reactions,	specifically	toward	negative	feedback,	affect	both	the	overall	mood	
of	the	individual	as	well	as	the	accuracy	in	their	decision-making	abilities.	Negative	feedback	
was	 shown	 to	 improve	 the	 decision	 accuracy	 more	 in	 women	 and	 in	 men	 (Djamasbi	 &	
Loiacono,	2008).	After	receiving	negative	feedback,	women	reported	having	a	considerably	
worse	mood	while	men	reported	no	change.	Gender	differences	are	even	reported	beyond	
the	differences	in	negative/positive	feedback.	Men	and	women	also	show	many	differences	
in	their	strategies	for	solving	problems.	For	example,	men	and	women	tend	to	use	different	
strategies	when	making	financial	decisions	(Powell	&	Ansic,	1997).	Therefore,	taking	these	
differences	into	acount	would	be	very	important	when	using	a	decision	support	system	in	
predicting	the	outcomes	of	business	revenue.	

GPS 

The	 Global	 Positioning	 System	 (GPS)	 is	 a	 commonly	 used	 navigation	 system	 in	
vehicles.	This	navigation	system	was	created	using	24	satellites	positioned	around	the	Earth	
which	triangulate	the	position	of	the	GPS	device	(Pratap	&	Per,	2010).	Traditionally,	gender	
has	not	been	included	during	the	engineering	of	transportation	devices	(Schintler,	2005).	
Studies	show	that	there	are	differences	in	the	way	males	and	females	process	information,	
specifically	in	the	processing	of	path-searching	information	(Lawton,	1994).	Women	tend	to	
use	landmarks	in	order	to	navigate	and	center	themselves	in	their	surroundings,	while	men	
gravitate	 toward	 using	 their	 positioning	 and	 distance	 from	 objects	 in	 order	 to	 navigate	
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(Saucier	 et	 al.,	 2002).	Men	 also	 report	 using	 their	 positioning	 to	 aid	 in	 navigation,	while	
women	rely	more	upon	 the	directions	given	 in	order	 to	get	 to	 their	destination	(Lawton,	
1994).	 Additionally,	 men	 report	 having	 less	 anxiety	 when	 navigating	 (O'Laughlin	 &	
Brubaker,	1998)	and	are	more	likely	to	change	routes	based	upon	new	information	(Abdel-
Aty,	Kitamura,	&	Jovanis,	1995).	Research	also	shows	that	men	prefer	a	GPS	that	shows	the	
map	at	a	distance	while	women	operate	better	with	an	enlarged	map	in	order	to	peruse	it	in	
closer	 detail	 (Lin	 &	 Chien,	 2010),	 which	 resulted	 in	 a	 typically	 lower	 satisfaction	 rating	
among	women	in	regards	to	the	GPS	interface	(Lin	&	Chien,	2010).		

		

Gender HCI in Office Software 

Data	shows	that	men	report	having	more	self-confidence	than	women	in	their	ability	
to	 complete	 tasks	 in	 applications	 involving	 debugging	 spreadsheets,	 managing	 software,	
working	with	 files,	word	 processing	 (Busch,	 1995),	 programming	 and	 technical	 problem	
solving	 (Margolis	 &	 Fisher,	 2003).	 Therefore,	 a	 focusing	 on	 gender	 differences	 when	
designing	office	software	benefits	both	genders.	For	example,	focusing	on	the	self-efficacy	
and	 support	 of	 different	 features	 showed	 a	 reduction	 in	 the	 gender	 gap	 when	 using	
spreadsheet	applications	as	well	as	improved	in	both	efficacy	and	attitudes	among	both	male	
and	female	users	(Grigoreanu	et	al.,	2008).	Better	inclusion	of	gender	into	the	design	of	office	
software	should	therefore	increase	productivity	in	the	office	setting.		

Gender HCI in Computer Supported Cooperative Work 

The	role	that	gender	plays	in	performance	of	Computer	Supported	Cooperative	Work	
(CSCW)	 is	 not	 entirely	 known.	 CSCW	 applications	 are	 complex	 programs	 that	 allow	 for	
cooperative	tasks	to	be	performed	in	a	computerized	setting	(Koulouri	et	al.,	2017).	Visual	
feedback	 is	 a	 key	 feature	 of	 CSCW	 software	 as	 it	 allows	 for	 an	 efficient	 exchange	 of	
information	 and	 provides	 awareness	 of	 the	 actions	 being	 taken	 and	 the	 status	 during	
collaboration	(D.	Gergle,	Kraut,	&	Fussell,	2013).	The	effect	gender	has	on	cognitive	abilities	
has	been	found	to	be	significant.	For	example,	women	underperform	in	comparison	to	men	
in	visuo-spatial	tasks,	while	men	underperform	in	verbal	ability	tasks	(Herring	&	Stoerger,	
2014).	In	future	CSCW	developments,	visual	functions	that	do	not	rely	upon	verbal	ability	
(examples	 of	 these	 developments	would	 be	 highlighting	 functions	 and	 pointers	 to	 aid	 in	
ensuring	that	attention	is	placed	on	important	information	(D.	R.	Gergle,	2006)	

Virtual Environments 

Virtual	environments	(VE)	are	a	type	of	software	that	creates	a	version	of	the	visual	
world	which	allows	for	interaction	with	the	surroundings	(Wann	&	Mon-Williams,	1997).	
The	popularity	of	VE	has	increased	immensely	as	a	tool	for	entertainment	and	teaching	and	
therefore	it	is	of	interest	to	determine	how	gender	differences	can	be	accounted	for	in	virtual	
environments.	In	studying	the	different	types	of	navigational	skills	involved	in	VE,	research	
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has	shown	that	there	is	a	clear	difference	between	the	navigational	cues	of	men	and	women	
(Cutmore,	Hine,	Maberly,	Landford,	&	Hawgood,	2000).	Data	 shows	 that	men	were	more	
proficient	 in	 gathering	 information	 by	 survey-based	 information	 (such	 as	 cardinal	
directions)	than	women,	who	rely	more	on	the	use	of	landmarks	in	VE	applications	(Cutmore	
et	al.,	2000).	Therefore,	both	survey	and	landmark-based	navigation	should	be	included	in	
the	design	of	HCI	to	account	for	gender-inclusion.	

Virtual Worlds 

Virtual	 worlds	 are	 computer	 based	 environments	 where	 users	 interact	 through	 a	
persona	 known	 as	 an	 avatar.	 Non	 binary	 genders	 in	 these	 environments	 are	 almost	
universally	not	considered	and	LGBT	individuals	are	often	marginalized	by	the	hard-coded	
limitations	 of	 these	 environments	 (Blodgett,	 Xu,	 &	 Trauth,	 2007).	 While	 considerable	
literature	exists	on	how	users	choose	to	represent	themselves	with	their	avatars,	this	body	
of	 literature	 almost	 exclusively	 falls	within	 the	 codified	 boundaries	 of	 traditional	 gender	
roles	(Blodgett	et	al.,	2007).	As	such,	there	is	a	significant	lack	of	gender	inclusion	in	virtual	
worlds	 which	 indicative	 of	 the	 dearth	 of	 gender	 sensitivity	 in	 the	 virtual	 world	 design	
industry.			

Current Efforts Toward Including Gender in HCI 

	As	 previously	 mentioned,	 women	 often	 have	 difficulties	 when	 utilizing	 voice	
recognition	 software	 due	 to	 commonly	 used	 software	 having	 poor	 recognition	 of	 higher	
pitched	voices	(Rodger	&	Pendharkar,	2004).	New	technologies	are	being	developed	in	order	
to	bridge	this	gap.	Researchers	at	the	University	of	Bridgeport	have	developed	a	pitch-range	
based	 system	 for	 identifying	 a	 speakers	 age	 and	 gender	 classification	 (Barkana	 &	 Zhou,	
2015).	While	this	work	currently	only	supports	male	and	female	genders,	expansion	of	this	
work	 to	 include	 non-binary	 genders	 could	 solve	 a	 ubiquitously	 recognized	 problem	 in	
gender	HCI	design	of	poor	vocal	recognition	of	non-masculine	voices.		

Additionally,	work	has	been	done	on	improving	gender	recognition	by	extracting	data	
from	a	number	of	medium	types	from	video	(Zhang,	Smith,	Smith,	&	Farooq,	2016)(Hadid	&	
Pietikäinen,	 2009),	 	 and	 audio	 (Barkana	 &	 Zhou,	 2015).	 These	 include	 extracting	 facial	
features	 (Shih,	 2013)(Shih,	 2013),	 gaze	 information,	 speech	 data	 and	 more	 in	 order	 to	
predict	demographic	features	of	the	user.	These	technologies	are	particularly	useful	in	that	
they	allow	for	a	smooth	human-computer	interaction	as	the	computer	can	access	databases	
which	will	determine	best	fit	methods	for	interactions	(Zhang	et	al.,	2016).	Lastly,	gender	
recognition	has	been	developed	based	on	swipe	data	on	touch	for	touch	sensitive	devices.	
This	technology	has	the	potential	to	improve	existing	swipe	technology	to	better	account	for	
gender	 as	 a	 variable	 when	 encountering	 various	 users	 and	 in	 enhancing	 authentication	
processes	(Miguel-Hurtado,	Stevenage,	Bevan,	&	Guest,	2016).	
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Future Work in Gender HCI Research 

Future	studies	in	the	field	of	gender	HCI	should	focus	on	the	role	of	gender-inclusion	
in	enhancing	user	satisfaction	among	all	different	categories	of	gender.	In	particular,	they	
should	focus	on	the	impact	of	the	user	experience	of	female	users	due	to	numerous	studies	
demonstrating	that	women	have	lower	user	self-efficacy	and	perceive	and	use	technology	
significantly	differently	than	men.	There	is	also	a	need	to	further	develop	technologies	for	
gender	identification	of	users	because	while	there	are	many	theoretical	gender	identification	
technologies	created,	very	few	are	adopted	in	systemic	use	due	to	a	 lack	of	robustness	of	
most	 systems	 or	 a	 dependence	 on	 expensive	 hardware	 (Zhang	 et	 al.,	 2016).	 The	 role	 of	
software	 in	 creating	 gender-inclusion	 products	 (Beckwith	 et	 al.,	 2006)	 will	 also	 be	
fundamental	 in	 ensuring	 that	 future	 technologies	 will	 be	 responsive	 to	 the	 needs	 of	 all	
genders.	Furthermore,	researchers	should	address	the	complexities	that	are	experienced	by	
users	who	do	not	identify	themselves	based	on	the	binary	male	or	female	gender	designation	
due	to	a	significant	lack	of	information	on	this	subject.			

HCI Design for Non Traditional Genders 

Shifting	 societal	 attitudes	has	 created	opportunities	 to	 recognize	people	of	diverse	
sexual	orientation	(Kannabiran,	2012).	The	departure	from	the	binary	gender	designation	
has	 created	 opportunities	 for	 organizations	 to	 meet	 the	 needs	 of	 a	 new	 user	 base.	
Consequently,	 it	 is	 important	to	understand	the	 impact	of	software	on	gender-based	user	
groups	that	do	not	identify	themselves	as	typical	female	or	males.	The	changes	which	that	
have	 occurred	within	 in	 our	 society	 have	 provided	 an	 environment	 for	 individuals	 who	
identify	 themselves	 with	 a	 third	 gender	 to	 embrace	 their	 identity.	 Thus,	 the	 technology	
which	they	utilize	should	reflect	their	identity.	Therefore,	the	willingness	to	embrace	their	
unique	identity	is	expected	to	translate	into	increased	consumer	advocacy.		

Unfortunately,	 the	 technology	 we	 use	 often	 fails	 to	 include	 those	 users	 who	 fall	
outside	 of	 the	 expected	 characteristics.	 This	 is	 especially	 evident	 when	 considering	 HCI	
design	for	non-binary	genders.	Even	in	popular	social	media	outlets	such	as	Facebook,	which,	
even	in	2014	did	not	have	a	third	gender	option	(Hamison	&	Hayes,	2014b).	This	can	create	
significant	stress	for	individuals	who	have	chosen	to	transition	to	a	new	gender	identity	but	
cannot	adequately	represent	their	changing	 identity	through	social	mediums	(Hamison	&	
Hayes,	2014b).	Though	Facebook	has	since	corrected	this	and	now	offers	a	custom	gender	
field,	it	is	indicative	of	the	pervasive	lack	of	consideration	for	non-binary	genders.		

Queer	theory	challenges	the	idea	that	gender	is	essential	to	defining	the	self	and	that	
sexual	acts	or	orientation	define	the	identity	of	an	individual.	Therefore,	for	individuals	who	
define	themselves	as	queer,	it	must	follow	that	the	design	of	HCI	must	also	reflect	the	values	
of	said	individuals.	In	considering	HCI	design	for	nontraditional	genders,	it	is	important	to	
consider	meta-values	(Light,	2011),	which	can	be	defined	as	a	value	system	where	space	is	
made	for	morals	or	beliefs	which	do	not	mesh	with	existing	or	orthodox	beliefs	(Light,	2011).	
Therefore,	 queering	 in	 HCI	 design	 is	 a	 space	making	 which	 allows	 for	 other	 values	 and	
lifestyles	which	do	not	currently	exist	to	rise	to	the	surface.		
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Research on HCI Design for Non-Traditional Genders 

While	it	is	important	to	note	that	the	increased	scholarship	regarding	gender	in	HCI	
design	is	commendable,	there	remains	a	significant	blind	spot	in	this	research.	Most	gender	
HCI	research	falls	under	the	umbrella	of	considering	and	contrasting	the	differences	between	
the	binary	male	and	female	perspective	while	nearly	universally	eschewing	the	needs	of	the	
non-binary	user	groups	 (Kannabiran,	2011).	This	 is	problematic	because	when	academic	
works	focus	on	gender	through	the	perspective	of	inherent	and	concrete	differences	in	only	
two	 genders,	 harmful	 patterns	 of	 marginalizing	 non-binary	 genders	 are	 reinforced	
(Kannabiran,	2011).		

The	field	as	a	whole	must	endeavor	to	both	address	real	world	computational	needs	
while	avoiding	the	marginalization	of	any	group	of	potential	users.	A	potential	starting	point	
for	 this	 movement	 toward	 non-binary	 gender	 inclusion	 in	 HCI	 could	 come	 from	 the	
burgeoning	field	of	feminist	HCI,	which	espouses	feminist	ideals	in	HCI	design	(Hamison	&	
Hayes,	2014).	The	feminist	approaches	of	 trying	to	conceptually	understand	and	theorize	
about	identity	and	gender	classifications	would	mesh	well	with	non-binary	gender	inclusion	
in	HCI	design	(Hamison	&	Hayes,	2014).				

Lastly,	it	will	be	important	to	address	questions	regarding	the	meaning	of	the	feminine	
or	the	masculine	when	designing	technology.	Specifically,	it	will	be	important	to	include	non-
binary	 genders	 such	 as	 transgender	 or	 genderqueer	 in	 future	 research	 delving	 into	 the	
complex	and	evolving	 landscape	of	 gender	 in	HCI	design.	 	Thus,	 it	 is	 critical	 to	 reclassify	
gender	in	HCI	design	–perhaps	drawing	on	feminist	HCI	ideals-,	 in	order	for	the	field	as	a	
whole	to	mature	in	perspective	and	reflect	the	zeitgeist	of	non-binary	gender	users.		

 

Perspectives for Considering Gender for HCI in the Future 

While	 considerable	 headway	has	 been	made	 in	 the	 field	 of	 theoretical	 gender	HCI	
research,	 there	 remains	 considerable	 work	 to	 be	 done	 in	 applying	 these	 concepts	 in	 a	
practical	form.		It	is	unclear	what	gendered	methodologies	are	relevant	and	what	limitations	
will	 be	 created	 when	 enacting	 these	 methodologies.	 Therefore,	 future	 research	 should	
explore	 the	 implementation	 of	 these	 concepts	 in	 practical	 design.	 Of	 significant	 interest	
would	be	research	into	the	implementation	of	 feminist	and	queer	theory	design	practices	
(Light,	2011)	that	were	discussed	earlier	in	this	review	of	the	literature.		

	An	important	consideration	in	gender	in	design	research	is	in	the	inherent	complexity	
of	the	user	experience	which	predicates	a	need	for	complex	gender	theory	precepts	and	their	
application	to	HCI	design.	As	such,	researchers	in	HCI	have	a	considerable	amount	to	learn	
on	 the	 social	 and	 anthropologic	 implications	 of	 the	 diverse	 gender	 practices	 found	
worldwide	(Breslin	&	Wadwa,	2014).	Unfortunately,	there	is	a	dearth	of	education	in	gender	
theory	among	designers	and	in	most	cases,	 it	 is	necessary	to	bring	an	outside	expert	 into	
most	design	teams	in	order	to	take	gender	into	consideration	(Ratzer	et	al.,	2014).	While	this	
is	an	applaudable	practice,	it	is	unlikely	that	this	is	a	practical	solution	most	design	firms.	
Furthermore,	in	cases	where	an	expert	is	hired	for	this	purpose,	the	expert	is	often	met	with	
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hostility	 (Ratzer	 et	 al.,	 2014).	 	 Therefore,	 a	 more	 tenable	 solution	 is	 that	 organizations	
themselves	 be	 more	 gender	 aware	 and	 make	 a	 conscious	 effort	 to	 include	 gender	
considerations	into	the	design	process	(Ratzer	et	al.,	2014).	To	further	extend	this	idea,	a	
systemic	solution	would	be	the	inclusion	of	gender	education	in	design	curriculum	(Breslin	
&	Wadwa,	2014),	which	would	cover	a	wide	range	of	perspectives	on	gender	and	identity;	
thus,	sensitizing	the	industry	at	its	source.		

	HCI	design	in	the	future	should	turn	away	from	the	essentialist	approach	which	has	
thus	far	dominated.	When	approaching	gender	considerations,	it	is	important	to	take	active	
approaches	to	counteract	marginalizing	tendencies	of	prevalent	in	design	and	thus	enable	
the	consideration	of	usage	of	HCIs	by	diverse	groups.	In	order	to	best	design	a	HCI	to	meet	
the	diverse	needs	of	diverse	humans,	it	will	be	necessary	to	address	gender	throughout	the	
design	process	and	to	foster	a	culture	of	gender	sensitivity	in	design	cultures.		

Lastly,	non-binary	genders	need	to	be	defined	prior	to	inclusion	in	design	processes	
to	 best	 leverage	 current	 gender	 HCI	 efforts.	 While	 technical	 knowledge	 and	 software	 is	
complex,	history	has	demonstrated	that	technologies	of	all	types	can	be	gendered	inclusive.	
Thus,	while	computer	technology	continues	to	be	engendered,	the	body	of	work	presented	
in	this	review	suggests	that	slowly	but	surely,	gender	has	begun	to	enter	the	design	process.		
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Research Question 

	
The	subject	of	research	we	are	going	 to	pursue	 for	regression	analysis	 is	based	on	

finding	the	relationship	between	crime	rate	in	the	fifty	states	of	United	States	of	America	and	
various	 other	 variables	 such	 as	 social,	 economic	 and	demographic	 factors.	 Therefore	 the	
basic	research	question	is	as	following:	

“To	what	extent	is	crime	rate	of	the	year	2015	in	different	states	of	United	States	of	
America	affected	by	changes	in	various	social,	economic	and	personal	factors?”	

As	indicated	in	the	question	the	data	is	based	on	the	year	2015,	2014	and	2013	for	all	
states.	

Crime	 rate	 is	 a	 global	 prevalent	 issue	where	 even	 the	developed	 states	 have	been	
effected	by	the	increase	in	crime	rates.	We	aim	to	study	the	model	of	a	developed	country	
such	as	of	USA	to	determine	which	variables	greatly	contribute	towards	the	increase	in	crime	
rate.	Accordingly,	we	can	determine	what	corrective	and	preventive	measures	can	be	taken	
to	curb	the	increase	in	crime	rate.			

Data Collection 

We	used	secondary	sources	to	collect	the	data	for	crime	rate,	 literacy	rate,	poverty	
level,	 unemployment,	 median	 household	 income,	 percentage	 of	 female	 population,	
percentage	 of	male	 population,	 race	 and	 gender.	 The	 data	was	 collected	 for	 three	 years	
(2013-2015)	to	increase	the	reliability	and	decrease	the	variability	of	the	data.	Reliable	and	
authentic	websites	were	used	to	obtain	the	data.	

The	following	are	the	list	of	variables	that	will	be	used	in	the	analysis:	
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Response variable 

1. Crime	rate:	The	data	available	has	categorized	various	types	of	crime	committed	in	
the	states.	To	utilize	the	information	we	will	take	aggregate	of	all	these	different	
crime	categories	and	express	as	the	rate	per	100.	
	

Predictor variables 
Quantitative variables 

1. Income	level:	The	data	of	median	income	of	the	households	in	each	state	is	available.	
We	will	convert	the	median	income	into	percentage	by	expressing	each	states	
income	as	the	proportion	of	total	income	of	all	the	states.		

2. Unemployment	rate:	The	data	available	is	expressed	as	a	percentage	of	total	number	
of	people	unemployed	as	proportion	of	the	labor	force.	Since	the	data	is	already	
expressed	as	the	percentage	form	it	will	be	directly	used	in	the	analysis.	

3. Poverty	level:	The	data	available	is	based	on	the	percentage	of	population	of	each	
states	following	under	federal	poverty	level	as	defined	by	Federal	Government.	The	
poverty	threshold	for	2015	was	$19,078.	For	our	analysis,	we	will	only	consider	one	
of	the	four	brackets	provided	by	data;	the	percentage	of	households	in	the	states	that	
fall	below	the	poverty	threshold	(under	100%	of	poverty	threshold)	

4. Education	level	is	defined	in	percentage	in	terms	of	high	school	graduates,	bachelor’s	
degree	and	advanced	degree.	For	our	purpose	of	analysis	we	will	use	only	the	high	
school	graduation	rate.	

Qualitative variables 

1. Gender:	The	data	available	segregates	percentage	of	male	and	female	in	each	state.	
2. Race:	The	available	data	segregates	the	percentage	of	different	races	residing	in	each	

states.	The	classification	is	based	on	Whites,	Blacks,	Hispanics,	Asians	and	others.	
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MODEL 1 

First	we	ran	the	complete	regression	model	and	obtained	the	following	results:		

 
Fitted	Equation	of	the	model	𝒀𝒀=	71.21+	0.481(𝑿𝑿𝟏𝟏)-0.09402(𝑿𝑿𝟐𝟐)	-0.0001398(𝑿𝑿3)	-

2.383(𝑿𝑿4)	 -0.5918(𝑿𝑿5)	 -0.02213(𝑿𝑿6)	 -0.07885(𝑿𝑿7)	 -0.005304(𝑿𝑿8)	 -0.01039(𝑿𝑿9)	 -
0.08536(𝑿𝑿10)	+0.03986(𝑿𝑿11)	-0.4207(𝑿𝑿1𝟐𝟐)	
Variables:  
𝑿𝑿𝟏𝟏= POVERTY 
𝑿𝑿2= Unemployed 
𝑿𝑿3= Median 
𝑿𝑿4=LiteracyRate 
𝑿𝑿5=PovLit 
𝑿𝑿6=GenderFM 
𝑿𝑿7= White 
𝑿𝑿8= Black 
𝑿𝑿9= Hispanic 
𝑿𝑿𝟏𝟏0= Asian 
𝑿𝑿𝟏𝟏1=DummyYear2014 
𝑿𝑿𝟏𝟏2=DummyYear2015 

53.41%	 variability	 in	 Y	 is	 explained	 by	 the	 model.	 We	 grouped	 the	 independent	
variables	 in	 various	 subsets	 and	 showed	 their	 effect	 on	 dependent	 variable	 through	
regression	model.	We	 removed	 an	 insignificant	 variable	 each	 time	 before	 rerunning	 the	
regression	model	and	arriving	at	a	higher	value	for	the	adjusted	R2	,	the	goodness	of	fit	of	
the	model.	
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MODEL 2 

 
We	used	the	economic	variables	along	with	literacy	rate	to	assess	the	effect	on	the	

crime	rate.	According	to	the	results	obtained	literacy	rate	has	the	greatest	effect	on	crime	
rate.	For	each	unit	increase	in	literacy	rate	the	crime	rate	is	decreased	by	17.13	units.	The	
effect	of	economic	conditions	is	lower	than	that	of	the	literacy	rate.	The	unemployment	can’t	
be	accurately	interpreted	since	the	data	shows	that	for	each	unit	increase	in	unemployment	
rate,	crime	rate	decreases	by	0.01386	units.		30.07%	in	the	variability	of	Y	can	be	explained	
by	the	model.		

MODEL 3 
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We	used	 the	demographic	variables	 to	assess	 their	effect	on	 the	crime	rate.	 It	was	
observed	that	the	percentage	of	male	population	has	a	higher	effect	on	the	crime	rate.	For	
every	 one	 unit	 increase	 in	%	 of	male	 population,	 0.42430	 unit	 increase	 in	 crime	 rate	 is	
observed.	White	and	Asian	population	has	a	negative	correlation	with	crime	rate.	An	increase	
in	White	and	Asian	population	leads	to	decrease	in	crime	rate.		41.87%	in	the	variability	of	Y	
can	be	explained	by	the	model.	

CHECKING THE USEFULNESS OF THE MODEL 
(BY USING MODEL NUMBER 1 ) 

Ho	:	X1=X2=X3=X4=X5=X6=X7=X8=X9=X10=X11=X12=	0		
Ha	Atleast	one	of	the	independent	variable	is	not	zero	
F-TEST	
R^2=	0.5341		
K=12	
N=156		
F	STATS=	(R^2/K)/(1-R^2)/(N-(K+1)	
F	STATS=	(0.5341/12)/(1-0.5341)/(156-13)	
																=13.66	
F(12,143)=	1.82	
F	STATS	>	F	(ALPHA)	
Therefore	we	reject	Ho	since	the	F	stats	lies	in	the	rejection	region.	Thus	we	accept	

the	Ha	as	at	least	one	of	the	independent	variable	is	none	zero.	

LIMITATION OF THE ANALYSIS 

1. The	data	for	each	and	every	state	is	not	available	due	to	which	we	have	some	
inconsistency	in	our	analysis.	This	reduces	the	reliability	in	our	analysis	however	to	
counter	this	we	took	the	data	for	three	years.		

2. Relationship	between	some	variable	is	not	found	to	be	as	per	what	was	expected.		
The	relation	between	gender	and	crime	rate	do	not	yield	informative	result.	
Similarly	there	is	inverse	relation	between	the	unemployment	and	crime	rate	which	
questions	the	reliability	of	the	data.	

3. Sources	of	data	although	reliable	may	include	biases	in	sampling.	The	data	collected	
is	obtained	from	secondary	source	thus	the	third	party	may	have	collected	it	from	
few	selected	sectors	in	a	state.	

4. The	sample	may	not	be	true	representative	of	the	population	of	the	state	hence	may	
not	be	reliable.	This	is	a	drawback	of	data	and	inconsistency.		

Conclusion 

From	the	above	data	we	can	analyze	that	almost	all	the	independent	variables	were	
able	to	explain	the	dependent	variable	crime	rate.	However,	we	will	 fail	to	find	a	positive	
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relation	 between	 the	 unemployment	 rate	 and	 crime	 rate.	 Similarly,	 the	 analysis	 of	 the	
relation	between	Gender	and	Crime	rate	did	not	yield	any	significant	 information	and	we	
conclude	that	gender	play	little	role	in	explaining	variability	in	Crime	rate.	
However, we were able to find inverse relation between median income and crime rate as well as 
between literacy and crime rate. This shows that states with better income level and education 
faced with lower crime rate. Similarly poverty had positive relation with crime rate that signifies 
that crime often results from in accessibilities to basic necessities.  

Our	complete	model	one	has	R2	of	53.41	which	is	the	highest	among	all	the	other.	This	
signifies	that	by	reducing	the	number	of	variables	in	other	models	R2	decreased	(in	some	it	
remained	same	as	well)	which	shows	that	complete	model	was	able	to	explain	the	variability	
well	then	reduced	models.	
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Monte Carlo Method and Shuffled Daily 
Return Analysis of a Larry Connors Trading 

Strategy Using Multicharts 

By Jamie Jin Myung Yoon 
Korea International School - Pangyo 

Background 

	
As	 the	equity	markets	grow	and	expand	globally,	 the	market	behavior	 is	becoming	

more	 dynamic	 and	 unpredictable.	 Finance	 experts	 all	 over	 the	 world	 must	 be	 at	 least	
multiple	steps	ahead	of	the	market	to	foresee	profitable	transactions.	The	market	is	filled	
with	both	experienced	and	novice	clients	that	can	make	any	assumption	invalid.	People	are	
the	sole	unaccountable	factors	in	the	market	that	doesn’t	allow	the	perfect	solution	to	exist.	
There	are	fatal	problems	with	trying	to	integrate	the	entire	market	into	a	single	formula,	thus	
leading	to	the	development	of	financial	modelling.		

Algorithmic	 trading[1]	 is	one	method	how	 traders	 try	 to	generate	higher	profits	by	
executing	trades	at	higher	speed	and	frequency	that	might	not	be	achievable	through	manual	
process.	Different	trading	houses	use	different	algorithms	aligned	to	their	fund	strategy	and	
risk	taking	capacities.	One	such	popular	algorithm	is	developed	by	Larry	Connors	[8]	and	its	
effectiveness	in	real	market	scenario	shall	be	researched	in	this	paper.	

Hypothesis 

Null	Hypothesis	(H0):	Larry	Connors	trading	strategy	is	effective	in	volatile	as	well	as	
steady	market	conditions.	

The	outcome	of	Larry	Connors	strategy	shall	be	simulated	in	two	scenarios:	Volatile	
market	and	Steady	market.	The	outcomes	shall	be	compared	to	measure	the	effectiveness	in	
both	the	scenarios	and	conclusion	shall	be	accordingly	drawn.	
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Literature Review 

Financial	Modelling	is	a	process	to	construct	a	financial	blueprint	of	a	company.	An	
analyst	 would	 use	 Financial	 Models	 to	 predict	 the	 outcomes	 a	 certain	 company	 will	
encounter	from	taking	an	action.	The	ultimate	goal	 for	developing	a	Financial	Model	 is	to	
successfully	 factor	 in	all	variables,	even	 the	most	erratic	ones	 [14].	Spreadsheets	are	often	
used	to	analyze	a	company’s	trend,	and	then	to	derive	a	formula/function	to	quantify	all	the	
shifting	variables.	Financial	Modelling	is	crucial	to	the	functioning	of	a	company	because	to	
make	an	executive	decision,	analysts	must	be	sure	about	the	benefits	and	risks	accompanied	
with	 that	 decision[12].	 Too	 aggressive	 of	 an	 investment	 could	 accompany	 risk	 and	 the	
opposite	 choice	 might	 have	 insufficient	 yield.	 Financial	 Modelling	 analyses	 the	 optimal	
choice,	which	includes	a	balance	of	tolerable	risk	and	ample	earnings.		

There	 are	 two	 major	 types	 of	 financial	 modeling[2];	 deterministic	 models	 and	
stochastic	model.	
• In	a	Deterministic	system,	variables	and	inputs	are	considered	unchanging	and	

factorable,	producing	the	same	output	every	single	time.	Deterministic	system	
operates	under	the	assumption	that	the	market	is	rational	and	ideal,	allowing	no	
room	for	any	variables	of	random	nature	[13]	

• However,	if	real	life	risk	management	was	as	simple	and	straightforward	as	a	
chemical	reaction,	there	would	have	been	no	need	for	Stochastic	Models	

• The	unpredictability	of	the	market,	which	doesn’t	always	provide	the	appropriate	
output,	is	the	sole	purpose	of	this	modelling	structure.	Since	Stochastic	Modelling	
deals	with	variety	of	variables,	which	are	often	unrelated,	analysts	work	hard	on	
Probability	Distribution	
Probability	 distribution	 measures	 the	 range	 of	 the	 value	 affected	 by	 a	 random	

variable.	Statistic	methods	are	used	to	assign	a	minimum	or	a	maximum	value	as	an	outcome.	
For	example,	a	stock	could	be	analyzed	with	probability	distribution	to	predict	the	future	
yield[9].	The	historical	trend	of	the	stock	would	be	a	key	factor	in	this	procedure.	An	analyst	
would	sample	(pick	out	minute	data	from	a	bigger	pool)	and	try	to	derive	patterns.	However,	
this	 could	 lead	 to	 a	 sampling	 error	 as	 the	 data	 could	 have	 been	 selected	with	 a	 bias	 to	
adequately	fit	a	certain	hypothesis.	Just	like	a	scientific	experiment,	sampling	error	can	be	
avoided	with	integrating	a	larger	picture	of	data.		

One	way	to	factor	in	unaccounted	risk	is	by	using	Monte	Carlo	Simulation	(MCS).	It	
was	originally	developed	for	casino	game	predictions,	but	it	turned	out	to	be	a	very	versatile	
tool.	 In	 finance,	MCS	 is	 used	 to	 predict	 a	 range	 of	 outcomes	of	 a	 certain	model.	 Its	main	
purpose	is	to	simulate	future	outcomes.	Millions	of	random	transactions	are	simulated	under	
specified	degree	of	randomness.	When	the	trials	are	complete,	 the	results	can	be	 laid	out	
based	 on	 frequency	 and	 confidence.	MCS	 is	 quite	 useful	when	 straightforward	 analytical	
solutions	are	unreliable	or	unattainable.	
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Monte Carlo Method 

Monte	Carlo	simulation[3]	is	a	computed	algorithmic	process	that	involves	continuous	
sampling	of	past	data.	A	randomly	selected	sample	 is	used	as	 input	and	the	output	of	 the	
algorithm	is	represented	as	a	distribution	model.	The	result	should	yield	a	statement	defined	
by	probability	of	some	event	happening.		

Applications of Monte Carlo Method  

Monte	 Carlo	 can	 be	 used	 in	 evaluating	 an	 upcoming	 company	 project	 (for	 its	
profitability).	The	project	can	have	multiple	unrelated	 factors	affecting	 the	success	of	 the	
project	viz.	interest	rate	fluctuations,	currency	exchange	rates,	labor	costs,	etc.	There	are	too	
many	parameters	for	a	single	dimensional	equation	to	incorporate,	which	calls	for	the	use	of	
the	Monte	Carlo	method.	It	can	also	be	used	for	option	pricing.	Price	paths	of	a	stock	can	be	
simulated	 to	 estimate	 future	 price	 occurrences,	which	 can	 reveal	 the	 ideal	 options	 to	 be	
placed	on	the	current	stock.	For	bonds,	this	method	can	provide	projected	yield	curves	and	
assign	appropriate	interest	rates.		

Monte Carlo technique for trading systems[5]: 

When	conducting	Monte	Carlo	simulations	for	a	trading	system,	the	assumptions	are		
1. The	conditions	of	the	historical	data	used	will	be	demonstrated	in	the	future	
2. The	behavior	of	the	stock	will	be	similar	in	the	future	
3. The	frequency	and	extremity	of	the	events	that	the	stock	goes	through	will	be	same	

in	the	future.	
Monte	Carlo	simulation	borrows	the	power	of	statistics	to	generate	probable	future	

trading	results.	One	simulation	generates	an	equity	curve,	which	contributes	to	a	larger	set	
of	data	that	is	organized	into	a	distribution	chart	after	certain	number	of	desired	simulations.	
The	most	 important	point	about	 the	Monte	Carlo	simulation	 is	 that	 it	 repeatedly	chooses	
random	data	from	a	statistical	distribution.	The	distributed	result	shows	the	most	probable	
outcome	and	maximum	loss.	This	simulation	isn’t	just	for	the	price	path	prediction	of	a	stock	
but	also	a	measure	of	the	extremity	of	loss	by	unaccounted	factors.	

Introduction to Brownian Motion 

Brownian	motion	is	another	way	to	model	volatile	markets.	Brownian	motion	refers	
to	a	particle	motion	which	is	continuous	and	completely	random.	Brownian	motion	follows	
normal	distribution.	Normal	distribution	represents	a	bell	curve	with	a	converging	trend.	
For	a	model	to	resemble	Brownian	motion,	it	should	have	random	increment/decrement	and	
be	a	 continuous	 trend.	 Stocks	are	often	analyzed	with	Brownian	motion	because	of	 their	
following	core	characteristics	
• First,	stocks	have	continuous	motion	on	the	basis	that	it	trades	freely	forever	
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• Secondly,	stocks	are	prone	to	many	random	changes	because	buyers	and	sellers	
have	changing	thoughts	about	the	stocks	all	the	time	

• Finally,	stocks	follow	normal	distribution	since	countless	transactions	happen	every	
moment	and	according	to	the	Central	Limit	Theorem	(CLT),	the	trend	should	show	a	
bell-shaped	probability	distribution.	
Stocks	can	be	modelled	by	Brownian	Motion	based	on	following	assumptions	

1. Assets	are	divisible	
2. Markets	are	frictionless	
3. There	are	no	surprises	in	the	market,	continuous	price	movement	exists	

There	are	two	components	to	Brownian	Motion	
• Deterministic	component	(drift)	and		
• Stochastic	component	

If	the	drift	(e.g.	interest	rates)	is	known,	the	effects	of	the	stochastic	component	can	
be	incorporated	by	using	the	property	of	normal	distribution	of	random	results.		

In	the	Geometric	Brownian	Motion,	the	stochastic	component	follows	Wiener	process	
and	its	conditions	are[4]	
 
1. Initial	position=0	
2. Motion	in	continuous	
3. Movement	is	independent	to	those	of	past	events	

A	stochastic	process	must	abide	to	the	following	equation	in	order	to	follow	Geometric	
Brownian	Motion.		

dSt	=	µStdt	+	σStdWt	
For	a	stock	related	model,	this	equation	would	satisfy	the	change	in	stock	price,	where		

µµSSttddtt		represent	a	fixed,	known	growth,	and	σσSSttddWWtt	represents	a	stochastic	and	continuous	
risk	factor	calculated	by	normal	distribution	of	random	samples.		

Data Analysis 

This	is	the	data	from	the	shuffled	trade	Monte	Carlo	Simulation[7]		
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The	shuffled	trade	Monte	Carlo	Simulation	(Multicharts)	uses	samples	of	historic	data	
(if	the	entirety	of	historic	data	is	used,	the	net	profits	of	all	simulations	would	end	up	equal)	
and	shuffles	the	trades	away	from	chronological	order.	This	method	is	useful	for	predicting	
maximum	 possible	 drawdown	 (This	 would	 happen	 when	 by	 chance	 losses	 are	 grouped	
together	in	a	short	span	of	time).	The	50th	percentile	of	the	net	profit	data	shows	the	mean	
of	net	profits	from	all	simulation,	which	is	between	50,000$	and	55,000$.	The	equity	curve	
shows	 the	movement	 of	 income	 from	 all	 simulations	 over	 time,	 the	 trend	 indicates	 that	
terminated	simulations	are	concentrated	at	the	value	near	50,000$.	Therefore,	this	method	
leads	people	to	expect	(by	probability)	about	50,000$	of	profit.	However,	this	is	conclusion	
is	 nothing	 but	 a	 very	 dangerous	 and	misleading	 illusion.	 By	 calculating	 an	 approximate	
average	of	net	profit,	the	number	inevitably	approaches	the	original	(unshuffled)	net	profit.		

Although	Monte	Carlo	Simulation	and	Brownian	motion	are	widely	adopted	methods	
for	 stochastic	 modelling,	 they	 do	 lack	 certain	 practicality.	 Monte	 Carlo	 simulation	 with	
Geometric	Brownian	motion	operates	on	a	basis	 that	prices	are	normally	distributed	and	
volatility	is	constant.	This	can	be	true	in	steady	market	scenarios	

Scenario 1: Volatile market 

However,	 for	 volatile	 market	 scenarios,	 market	 behavior	 often	 deviates	 from	 the	
ideally	distributed	data,	which	doesn’t	allow	the	above	method	to	behave	efficiently.		

For	this	reason,	the	simulations	conducted	in	this	paper	for	scenario	1	(i.e.	Volatile	
market)	will	be	based	on	randomly	assorted	real	life	data	which	will	provide	randomized	
historical	return.	Therefore,	each	simulation	will	have	a	new,	independent	price	path.	This	
type	of	Monte	Carlo	analysis	will	provide	a	fair	approach	for	back	testing	strategies	by	testing	
price	movements	in	variety	of	different	micro	conditions.	The	Larry	Connors	strategy	will	be	
back	 tested	on	S&P	ETF	with	 shuffled	historical	data	 (from	2008	 to	present)	and	will	be	
tested	for	its	effectiveness	in	a	random,	unpredictable	trend.	Indices	such	as	sharpe	ratio,	
annual	return,	drawdown	and	net	profit	will	be	used	as	measurements	[6].	

For	this	paper,	the	Larry	Connors	strategy	was	back	tested	on	20	shuffled	sets	of	S&P	
ETF	(Data	from	2008~present).	More	simulations	are	ideal	for	back-testing;	however,	the	
data	 inputs	 for	 Multicharts	 had	 to	 be	 manual	 and	 due	 to	 the	 time	 constraints,	 only	 20	
simulations	were	ran	on	the	Larry	Connors	Strategy.	

Table #1 

 

Trial # Sharpe Ratio Net Profit ($) 
Annual 
Return 

(%) 

Max 
Drawdown 

(%) 

Percent 
Profitability (%) 

1 -0.12 -25,002.91 -3.08 -43.44 62.93 

2 -0.11 -124,853.20 -15.83 -205.37% 62.93 

3 -0.04 -130,087.83 -16.03 -183.31 62.11 

4 0.25 150,759.21 18.57 -9.59 73.59 

5 0.15 103,000.87 12.69 -30.75 70.51 

6 0.08 63,027.42 7.76 -29.26 70.4 
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7 -0.06 -123,492.22 -15.21 -118.23 63.15 

8 -0.08 -127,104.41 -15.66 -168.51 61.89 

9 -0.02 -70,449.62 -8.68 -120.81 63.23 

10 0.16 103,699.32 12.77 -20.04 71.15 

11 0.11 110,756.67 13.64 -64.52 68.65 

12 -0.04 -10,679.04 -1.32 -67.25 66.54 

13 0.06 737.46 0.09 -80.43 64.71 

14 -0.14 -70,981.96 -8.74 -117.45 71.34 

15 0 -67,599.59 -8.33 -85.79 60.31 

16 -0.15 -124,043.56 -15.28 -127.09 62.68 

17 0.14 153,348.03 18.89 -46.26 69.5 

18 0.07 47,000.83 5.79 -38.34 67.8 

19 0 -81,176.82 -10.00 -96.17 64.86 

20 -0.03 -10,652.43 -1.31 -45.49 67.94 
 

Sharpe Ratio 
Avg 

Net Profit Avg 
Annual Return 

Avg (%) 
Max Drawdown 

Avg (%) 

Percent 
Profitability 

Avg (%) 

0.011 -$11,689.69 -1.46 -74.74 66.31 

Scenario 2: Steady Market  

Figures	for	unshuffled,	original	S&P	data	

Sharpe 
Ratio 

Net Profit ($) Annual 
Return (%) 

Max Drawdown 
(%) 

Percent 
Profitable (%) 

0.19 118,238.55 14.56% 41.41 80.29 
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Graph #1 

 
 

Graph #2 

 
 

Graph #3 
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Conclusions 

When	 tested	 on	 the	 original	 S&P	ETF	data	 (Scenario	 2:	 Steady	market),	 the	 Larry	
Connors	strategy	performed	very	well.	There	was	significant	amount	of	profit	with	majority	
of	 the	 trades	 being	 a	 profitable	 one.	 The	 maximum	 drawdown	 was	 certainly	 not	 as	
devastating	 compared	 to	 that	 of	 the	 simulations	 on	 shuffled	 data	 (Scenario	 1:	 Volatile	
market).	The	Sharpe	ratio	was	also	relatively	promising.		
 

Thus,	the	null	hypothesis	is	proved	to	be	wrong.	Larry	Connors	strategy	is	effective	
only	 in	steady	market	conditions	and	 it	 is	 far	 too	 ineffective	when	market	conditions	are	
volatile.	

According	to	the	results,	it	is	quite	apparent	that	the	Larry	Connors	strategy	did	not	
perform	well	 in	 investing	environments	with	randomized	and	erratic	shifts	 in	prices.	The	
average	 net	 profit	 and	 annual	 return	 suggest	 that	 overall	 the	 trades	 were	 unfavorable.	
Another	 big	 flaw	 in	 the	dealings	was	 the	discrepancies	 in	 portion	 of	winning	 trades	 and	
earned	profit.	On	average,	around	66%	of	the	trades	were	profitable,	which	means	only	1	out	
of	3	trades	generated	losses.	However,	the	average	maximum	drawdown	was	about	75%,	
which	shows	how	prone	this	strategy	was	to	sharp	dips	in	earnings.	In	other	words,	profits	
from	 frequent	 winning	 trades	 were	 minimal,	 whereas	 losses	 from	 losing	 trades	 were	
significant.	The	sharpe	ratio	measurements	also	suggests	the	strategy’s	weakness	in	risky	
markets.	The	average	sharpe	ratio	of	shuffled	simulations	was	0.011	(test	on	original	data	
returned	0.19).	This	means	the	strategy’s	risk	adjusted	returns	were	quite	poor	in	shuffled	
return	equity	curves.		

According	 to	 the	 conditions	 in	 the	 Larry	 Connors	 code,	 the	 trading	 market	 was	
supposed	 to	 be	 in	 a	 constantly	 (one	 direction)	 progressing	 environment.	 The	 randomly	
shuffled	data	almost	ensured	no	continuous	growth	or	decay	for	a	significant	duration.	This	
trend	resembles	the	behavior	of	modern	day	price	paths,	as	robust	and	persisting	growths	
are	 always	 met	 by	 unexpected	 counter	 measure,	 creating	 a	 mean-reverting	 market.	
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According	graph	#1	and	#2,	there	were	trades	that	generated	significant	profit,	most	likely	
because	 those	 simulations	 had	 the	 ideal,	 directed	 equity	 curves	 for	 the	 strategy	 to	 trade	
upon.	

Overall,	 the	 Larry	Connors	 strategy	was	 disappointing	 in	 an	 environment	 of	 rapid	
change	and	erratic	movement.	The	strategy	often	suffered	massive,	continued	 losses.	The	
integration	of	a	stop-loss	mechanism	could	have	helped	minimize	losses.	

Although	the	above	conclusion	can	be	made	from	the	data,	there	are	some	limitations	
to	this	assessment.	
• First,	the	results	could	have	been	much	more	solid	with	additional	simulations.	The	

manual	import	of	shuffled	data	into	Multicharts	was	inefficient	and	time	consuming.	
A	faster	method	data	simulation	(and	more	simulations)	would	help	the	back	test	
produce	a	concrete	dataset.		

• Secondly,	the	Larry	Connors	Strategy	was	only	tested	on	the	S&P	500	ETF.	The	
conclusion	above	might	not	substantiate	similar	behaviors	in	other	stocks.	Again,	if	
more	time	was	available,	it	would	be	prudent	to	test	several	more	stocks	with	the	
strategy.		
This	research	experience	was	an	enlightening	one	for	a	high	school	student	who	is	

new	to	trading	scenarios.	The	economy	doesn't	follow	a	single	dimensional	and	calculated	
path,	which	is	the	reason	why	even	professionals	are	overwhelmed	by	it.	As	more	aspects	of	
society	impact	the	flow	of	our	economy,	its	stochastic	nature	will	be	valuable	to	analyze	in	
the	 future.	 For	 coming	 endeavors,	 I	 would	 like	 to	 progress	 onto	 real-life	 applications	 of	
stochastic	modelling	such	as	networking,	traffic	systems	and	game	theory.		
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Appendix 
Code for Larry Connors Strategy 

Inputs: LongMA(200), length(5), Distance(1), aggressive 
(true), ConsecDays(3), BOversold(0.2), BOverbought(0.8); 

Vars: b(0), MA(0), Lowerband(0), Higherband(0), Counter(0), 
BUP(0), BDN(0); 

BDN = 0; 
BUP = 0; 
HigherBand = Average(c,length) + Distance*stdDev(c,length); 
LowerBand = Average(c,length) - Distance*stdDev(c,length); 
b = (C - Lowerband)/(Higherband - Lowerband); 
MA = average(c,LongMA); 
For Counter = 0 to ConsecDays -1 Begin 
If b[Counter] < BOversold then BDN = BDN + 1; 
  
End; 
For Counter = 0 to ConsecDays -1 Begin 
If b[Counter] > BOverbought then BUP = BUP + 1; 
  
End; 
 // Rules for opening Longs 
  
If c > MA and BDN = ConsecDays then buy this bar on close; 
If marketposition = 1 and b < BOversold and aggressive = true 

then buy this bar on close; 
If marketposition = 1 and b > BOverbought then sell this bar 

on close; 
// Rules for opening Shorts 
  
If c < MA and BUP = ConsecDays then sellshort this bar on 

close; 
If marketposition = -1 and b > BOverbought and aggressive = 

true then sellshort this bar on close; 
If marketposition = -1 and b < BOversold then buytocover this 

bar on close; 
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Glossary 

SShhaarrppee		RRaattiioo	[10]	
• A	relative	index	to	determine	which	portion	of	the	profit	included	risk.		
• (Average	Return-Risk	Free	Return)	/	(Standard	Deviation	of	Return)	

NNeett		PPrrooffiitt		
• The	total	profit	generated	by	all	the	trades	from	one	investment.	This	number	can	be	

both	positive	and	negative.	
AAnnnnuuaall		RReettuurrnn		

• The	annual	return	calculates	the	stocks	increase	or	decrease	in	value	over	a	certain	
amount	of	time.	
MMaaxx		DDrraawwddoowwnn		[[1111]]		

• The	biggest	decrease	from	a	peak	to	the	nearest	trough.	
• This	number	indicates	the	risk	levels	of	a	stock.	

PPeerrcceenntt		PPrrooffiittaabbllee		
• The	percentage	of	the	entire	trades	committed	that	generated	profit.	
• Although	a	high	portion	of	profitable	trades	is	always	desired,	if	the	losses	are	

devastating	compared	to	the	wins,	this	figure	might	be	interpreted	in	a	misleading	
way.	
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Linear Algebra  - A Special Treatment of 
Vector Spaces 

James Mill 
Coral Gables High School 

Coral Gables, FL (USA) 

Introduction 

Linear	 algebra	 based	math	 is	 the	 branch	 of	 science	 concerning	 vector	 spaces	 and	
linear	mappings	between	such	spaces.	It	involves	the	study	of	lines,	planes,	and	subspaces,	
but	at	 the	same	time	is	concerned	with	properties	normal	to	all	vector	spaces	(Ando	and	
Tsuyoshi	2004).		

The	set	of	points	having	coordinates	that	satisfy	a	linear	equation	gives	a	hyperplane	
in	 a	 dimensional	 space.	 The	 conditions	 under	 which	 an	 arrangement	 of	 hyperplanes	
converges	in	a	solitary	point	is	a	critical	concentration	of	concentrate	in	linear	algebra	math.	
Such	an	examination	is	at	first	aroused	by	an	arrangement	of	linear	equations	containing	a	
few	questions.	Such	equations	are	actually	represented	to	utilizing	the	formalism	of	matrices	
and	vectors.		

Linear	algebra	is	vital	to	both	applied	and	pure	mathematics.	For	example,	dynamic	
polynomial	 math	 emerges	 by	 relaxing	 the	 axioms	 of	 a	 vector	 space,	 prompting	 various	
speculations.	 Practical	 examination	 ponders	 the	 interminable	 dimensional	 form	 of	 the	
hypothesis	of	vector	spaces.	Consolidated	with	analytics,	direct	polynomial	math	encourages	
the	arrangement	of	straight	frameworks	of	differential	conditions	(Peter.	2003).		

Techniques	from	linear	polynomial	math	are	likewise	utilized	as	a	part	of	expository	
geometry,	building,	material	science,	normal	sciences,	software	engineering,	advanced	facial	
acknowledgment	algorithms	and	the	sociologies	.Since	straight	variable	based	math	is	such	
a	very	much	created	hypothesis,	nonlinear	scientific	models	are	now	and	then	approximated	
by	linear	models.		

The	 investigation	 of	 linear	 algebra	 initially	 risen	 up	 out	 of	 the	 investigation	 of	
determinants,	which	were	utilized	to	unravel	frameworks	of	linear	equations.	Determinants	
were	utilized	by	Leibniz	in	1693,	and	along	these	lines,	Gabriel	Cramer	concocted	Cramer's	
Rule	 to	 give	 solution	 to	 linear	 systems	 1750.	 Afterward,	 Gauss	 additionally	 built	 up	 the	
hypothesis	of	giving	solution	to	linear	systems	by	applying	Gaussian	disposal,	which	was	at	
first	recorded	as	a	headway	in	geodesy	(Peter	2003).	
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The	 study	of	matrix	 initially	 risen	 in	England	 in	 the	mid-1800s.	 In	1844	Hermann	
Grassmann			distributed	his	"Theory	of	Extension"	which	included	foundational	new	subjects	
of	what	is	today	called	linear	variable	based	math.	In	1848,	James	Joseph	Sylvester	presented	
the	term	grid,	which	is	Latin	for	"womb".	While	examining	pieces	of	straight	changes,	Arthur	
Cayley	 was	 directed	 to	 characterize	 grid	 augmentation	 and	 inverses.	 Essentially,	 Cayley	
utilized	a	solitary	letter	to	mean	a	grid,	subsequently	regarding	a	matrix	as	a	total	question.	
He	 additionally	 understood	 the	 association	 amongst	 networks	 and	 determinants	 and	
expressed		

In	1882,	Hüseyin	Tevfik	Pasha	composed	the	book	titled	"Linear	Algebra".The	 first	
presentation	of	a	vector	space	was	done	by	Peano	in	1888;	by	1900,	a	hypothesis	of	direct	
changes	of	 limited	dimensional	 vector	 spaces	had	developed.	Direct	 variable	based	math	
took	its	present	day	shape	in	the	primary	portion	of	the	twentieth	century,	when	numerous	
thoughts	 and	 techniques	 for	 earlier	 hundreds	 of	 years	 were	 summed	 up	 as	 theoretical	
polynomial	math.	The	utilization	of	lattices	in	quantum	mechanics,	uncommon	relativity,	and	
measurements	spread	the	subject	of	direct	variable	based	math	past	unadulterated	science.	
The	 advancement	 of	 PCs	 prompted	 expanded	 research	 in	 productive	 calculations	 for	
Gaussian	end	and	grid	deteriorations,	and	straight	variable	based	math	turned	into	a	basic	
apparatus	for	demonstrating	and	simulations	(Jack.Preface:	2002).	

Educational History  

Linear	algebra	initially	showed	up	in	American	graduate	course	books	in	the	1940s	
and	in	undergraduate	course	books	in	the	1950s.Research	done	by	the	School	Mathematics	
Study	Group,	U.S.	secondary	schools	requested	that	twelfth-grade	understudies	do	matrix	
algebra,	 formerly	 known	 to	 be	 preferred	 use	 in	 colleges	 in	 the	 1960s	 (Gowda	 and	 M.	
Seetharama	 2004).	 In	 France	 amid	 the	 1960s,	 instructors	 endeavored	 to	 educate	 linear	
algebra	math	 through	 limited	dimensional	vector	spaces	 in	 the	principal	year	of	optional	
school.	This	was	met	with	a	reaction	in	the	1980s	that	expelled	linear	variable	based	math	
from	 the	 curriculum.	 In	 1993,	 the	 U.S.-	 based	 Linear	 Algebra	 Curriculum	 Study	 Group	
prescribed	that	undergraduate	linear	algebra	math	courses	be	given	an	application-based	
"matrix	 introduction"	 rather	 than	 a	 hypothetical	 orientation	 (Dhillon	 and	 Inderjit	 S.	
2004).Reviews	of	 the	educating	of	 linear	 algebra	math	 call	 for	weight	on	perception	and	
geometric	understanding	of	hypothetical	ideas,	and	to	incorporate	the	gem	in	the	crown	of	
linear	algebra	based	math,	the	singular	value	decomposition	(SVD),	as	such	a	large	number	
of	 different	 orders	 utilize	 it.	 To	 suit	 21st	 century	 applications,	 for	 example,	 information	
mining	and	vulnerability	examination,	direct	variable	based	math	can	be	founded	on	the	SVD	
rather	than	Gaussian	Elimination.	

Vector space 

	A	 vector	 space	 is	 a	 collection	 of	 several	 objects	 called	 vectors,	 which	 might	 be	
included	and	scaled	by	 scalars.	 Scalars	are	 regularly	 taken	 to	be	 real	numbers.	However,	
there	 are	 likewise	 vector	 spaces	 with	 scalar	 duplication	 by	 complex	 numbers,	 rational	
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numbers,	 or	 for	 the	most	 part	 any	 field.	 The	 operations	 of	 vector	 expansion	 and	 scalar	
increase	must	satisfy	certain	necessities,	called	axioms	as	follows.	

Axiom	 	 	 	 	 Signification	
Associativity	addition		 	 u	+	(v	+	w)	=	(u	+	v)	+	w	
Commutativity	addition	 	 	 u	+	v	=	v	+	u	

Identity	addition	element			-	There	exists	an	element	0	∈	V,	called	the	zero	vector,	such	that	
v	+	0	=	v	for	all	v	∈	V.	
Inverse	addition	element-For	every	v	∈	V,	there	exists	an	element	−v	∈	V,	called	the	additive	
inverse	of	v,	such	that	v	+	(−v)	=	0	
Distributivity	scalar	multiplication	with	respect	to	vector	addition	-	a	(u	+	v)	=	au	+	av	
Distributivity	scalar	multiplication	with	respect	to	field	addition				(a	+	b)v	=	av	+	bv	
Compatibility	scalar	multiplication	with	field	multiplication				a	(bv)	=	(ab)	v	^	[nb	1]	
Identity	scalar	multiplication	element				1v	=	v,	where	1	represent	the	multiplicative	identity	
in	F.	

Euclidean	 vectors	 are	 a	 case	 of	 a	 vector	 space.	 They	 usually	 represent	 physical	
quantities,	 for	 example,	 forces:	 two	 similar	 forces	 can	 be	 added	 to	 yield	 a	 third,	 and	 the	
multiplication	of	a	vector	by	a	real	multiplier	gives	another	force	vector.	In	a	similar	case,	yet	
in	a	more	geometric	approach,	vectors	normally	represents	the	displacement	in	the	plane	or	
in	three-dimensional	can	also	shape	vector	spaces.	Vectors	in	vector	spaces	don't	really	need	
to	be	bolt	similar	to	objects	as	they	show	up	in	the	said	illustrations:	vectors	are	viewed	as	
theoretical	scientific	objects	with	specific	properties,	which	now	and	again	can	be	visualized	
as	arrows.	
 

Fig.1 

 

From	the	diagram	above,	Vector	addition	and	scalar	multiplication:	a	vector	v	(blue)	
is	added	to	another	vector	w	(red)	yielding	v+w.	On	the	other	hand,	w	is	stretched	by	a	factor	
of	2,	yielding	the	sum	v	+	2w.	

Vector	spaces	are	usually	the	subject	of	linear	algebra	based	math	and	are	very	much	
portrayed	by	their	dimension,	which	determines	the	quantity	of	free	direction	in	the	space.	
Infinite-dimensional	vector	spaces	emerge	actually	 in	mathematical	analysis,	as	 functions	
spaces	whose	vectors	are	function.	These	vector	functions	are	for	the	most	part	endowed	
with	extra	structure,	which	might	be	a	topology,	permitting	the	thought	of	issues	of	vicinity	
and	 coherence.	 Among	 these	 topologies,	 those	 that	 are	 characterized	 by	 a	 standard	 or	
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internal	item	are	all	the	more	regularly	utilized,	as	having	an	idea	of	separation	between	two	
vectors.	 This	 is	 especially	 the	 instance	 of	 Banach	 spaces	 and	 Hilbert	 spaces,	 which	 are	
essential	in	linear	algebra.	
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Simulating Power Output and Efficiencies of 
the Solar Stirling Engine Using MATLAB 

By Susan Seung Eun Shin 
Branksome Hall Asia 

Abstract 

 
This	 paper	 presents	 data	 from	 MATLAB	 simulations	 for	 solar	 Stirling	 engines	

operating	 at	 various	 locations,	 seasons,	 and	 times	 of	 day.	 A	 mathematical	 and	 scientific	
model	for	power	and	efficiency	analysis	of	the	Solar	Stirling	Engine	is	developed	using	Solar	
Radiation,	 Stirling	 Temperature,	 and	 Power	 Simulation	 through	 MATLAB	 programs	 and	
GUIs.	Sets	of	data	were	collected	from	the	simulation	and	then	analyzed	with	regards	to	the	
effect	 of	 three	 variables	 on	 the	 power	 output	 and	 efficiencies.	 Furthermore,	 the	 analysis	
provides	theoretical	 locations,	seasons,	and	time	of	day	for	the	engine	operation	with	the	
greatest	power	output	as	well	as	limitations	of	engine’s	efficiency	in	terms	of	solar	radiation.	
This	paper	indicates	the	expected	outcome	that	locations	nearer	to	the	equator,	with	highest	
solar	 radiation	 and	 outside	 temperatures,	 produced	 the	 highest	 output	 in	 power.	 In	
particular,	the	greatest	power	output	was	at	12PM	at	Brazzaville,	Republic	of	Congo.	Hence,	
the	 engine	 provides	 the	 greatest	 power	 during	 summer	 for	 locations	 further	 from	 the	
equator	and	for	locations	near	the	equator,	summer	and	winter	power	output	varied,	with	
output	 being	 highest	 in	 winter	 at	 Brazzaville.	 However,	 overall	 discrepancies	 between	
locations,	seasons,	and	time	of	day	were	much	lower	than	expected,	indicating	that	location	
and	season	have	lower	effects	on	power	output	of	the	solar	Stirling	engine	than	expected.	
Grouping	of	data	for	summer	in	all	locations	but	Moscow	also	indicates	a	severe	diminishing	
of	 efficiency	 that	 seems	 to	 occur	 after	 solar	 radiation	 or	 temperature	 reaches	 a	 certain	
threshold.	This	assertion,	however,	is	only	a	hypothesis	and	more	actual	data	testing	would	
have	to	be	performed	in	order	to	determine	its	validity. 

Introduction 

Over	the	past	century,	Earth’s	average	temperature	has	risen	by	0.9	degrees	Celsius	
and	is	projected	to	rise	another	0.8	to	6.0	degrees	Celsius	over	the	next	hundred	years.	[21]	
Small	 changes	 in	 the	 planet’s	 average	 temperature	 is	 translating	 to	 shifts	 in	 climate	 and	
weather.	Human	activity	of	burning	fossil	fuels	to	produce	energy	contributes	most	to	the	
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emission	 of	 greenhouse	 gases	 in	 the	 atmosphere	 and	 is	 leading	 climate	 change	 into	 a	
significantly	serious	issue	all	around	the	world.	As	a	result,	there	have	been	several	actions	
addressed	as	solutions	to	this	problem.				

In	 1816,	 Robert	 Stirling	 has	 developed	 the	 Stirling	 engine	 in	 order	 to	 offer	 an	
alternative	to	the	frequently	explosive	and	non-eco-friendly	steam	engines	operated	through	
fossil	 fuels.	 [22]	 This	 Stirling	 engine,	 a	 closed	 cylinder	 containing	 a	 piston	 and	 helium,	
nitrogen	or	hydrogen	gas	is	heated	at	one	end	by	concentrated	sunlight	and	cooled	at	the	
other	end	by	air	or	water.	As	the	gas	expands	and	cools	with	the	movement	of	the	piston,	a	
generator	is	driven	to	produce	electricity.		

The	first	Stirling	engine	model	had	a	drawback	of	a	high	capital	cost	as	well	as	a	high	
cost	per	unit	power.	Though	it	could	operate	on	as	little	as	a	7	degree	Celsius	temperature	
difference,	it	needed	a	large	difference	to	be	efficient.	Since	it	was	larger	and	heavier	than	a	
traditional	internal	combustion	engine,	the	system	could	not	start	instantly	and	required	a	
long	time	to	build	momentum.		

The	technology	and	the	model	of	the	solar	Stirling	engine	is	still	improving,	but	even	
now	there	are	a	number	of	Stirling	engine	benefits	that	outweigh	its	limitations.	Compared	
to	traditional	energy	sources	that	emit	harmful	carbon	dioxide	and	methane,	solar	engine	
systems	produce	no	greenhouses	gasses.	The	solar	capacity	that	has	been	currently	installed	
across	the	US	is	expected	to	offset	about	16.8	million	metric	tons	of	carbon	dioxide	a	year.	
[15]	Thus,	since	solar	energy	is	renewable	and	the	sun	produces	173000	terawatts	of	solar	
energy	every	second,	solar	power	has	an	infinite	supply.	[16]	The	solar	Stirling	engine	is	also	
a	very	economically	efficient	technology.	According	to	simulations	done	in	South	Africa	and	
Chile,	less	than	0.1	Euro	per	kWh	for	a	30	MW	solar	Stirling	plant	could	be	obtained.	[17]	

 
Figure 1: Overview of the solar Stirling engine 

Figure	 1	 shows	 how	 the	 solar	 Stirling	 engine	 operates.	 The	 total	 solar	 radiation	
absorbed	 by	 the	 outer	 part	 of	 the	 cylinder	 of	 the	 engine	 is	 comprised	 of	 three	 solar	
irradiations:	 the	 beam	 direction,	 the	 diffuse	 radiation,	 and	 the	 substantial	 amount	 of	
radiation.	 The	 beam	 direction	 directly	 comes	 from	 the	 sun,	 and	 the	 diffuse	 radiation	 is	
scattered	by	the	clouds	and	falls	on	the	cylinder	indirectly.	A	substantial	amount	of	radiation	
also	indirectly	hits	the	cylinder	which	is	reflected	by	the	ground,	the	amount	depending	also	
on	the	type	of	ground.		This	solar	energy	then	causes	a	heat	gradient	inside	the	cylinder.	The	
air	closer	to	the	outer	cylinder	is	hotter	than	the	air	near	the	bottom	of	the	other	side	of	the	
cylinder.	Thus,	the	hotter	air	expands	and	pushes	the	piston	inside	the	cylinder	down	which	
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then	creates	rotation	of	the	wheel.	Then	again,	the	compression	of	the	cooler	air	pushes	the	
piston	again	upwards.	Thus	the	rotation	continues	so	long	as	the	solar	energy	is	available.	

The	solar	Stirling	engine	is	not	one	of	the	most	ubiquitous	technologies	around	the	
world	at	this	point	in	time.	However,	efficient	solar	Stirling	engine	technology	combines	both	
a	 low	environmental	 impact	and	a	 low	leveled	cost	of	energy,	making	 it	competitive	with	
other	alternative	electrical	energy	technologies	for	certain	uses.		

In	this	research	project,	a	solar	Stirling	engine	is	simulated	through	various	MATLAB	
programs/GUI.	MATLAB	was	used	 to	 estimate	 the	hourly	and	yearly	 solar	 radiation.	The	
output	 power	 of	 the	 engine	 is	 computed	 and	 the	 temperature	 at	 different	 regions	 of	 the	
cylinder	were	also	simulated.	The	three	MATLAB/GUI	were	developed	by	A.Z	Havez	[12]	for	
solar	radiation,	Stirling	engine	temperature,	and	Stirling	engine	power	output	simulations.	
The	implementation	and	theory	of	the	implementation	of	each	simulation	will	be	explained	
in	detail	in	the	next	subtopics.		

MATLAB/GUIs used for Stirling Engine Simulation Calculations 

As	mentioned	previously,	in	order	to	simulate	data	for	our	conclusions	and	analysis,	
MATLAB	 programs/GUIs	 were	 used	 to	 calculate	 solar	 radiation,	 Stirling	 engine	
temperatures,	and	sterling	engine	power	output.		

Solar Radiation Simulation  

 
Figure 2: Solar radiation simulation GUI 

 
Figure	2	shows	the	user	 interface	of	 the	solar	radiation	simulator.	As	an	 input,	 the	

local	longitude,	local	latitude,	standard	time,	date	and	time	zone	are	provided.	The	simulator	
estimates	the	beam	solar	radiation,	the	diffuse	solar	radiation,	the	reflected	solar	radiation	
and	the	total	solar	radiation,	which	is	the	sum	of	all	the	radiations.	In	addition,	the	simulator	
provides	 sunrise	 and	 sunset	 times	 and	 further	 computes	 the	 hourly	 radiation,	 yearly	
radiation	and	total	radiation	per	day.		
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2.1.1 Inputs for the Solar Radiation Simulation 
Declination angle (δ)  

 

Figure 1: Declination angle of the sun [22] 

 
The	declination	angle,	denoted	by	δ,	is	dependent	on	the	season	due	to	the	tilt	of	the	

Earth	on	its	axis	of	rotation	and	the	revolution	of	the	Earth	around	the	sun.	If	the	Earth	had	
no	tilt,	the	declination	would	always	be	0°.	The	Earth	is	tilted	by	23.45°	and	the	declination	
angle	varies	plus	or	minus	this	amount.	At	the	spring	and	fall	equinoxes,	and	only	then,	is	the	
declination	angle	equal	to	0°.	The	rotation	of	the	Earth	around	the	sun	and	the	change	in	the	
declination	angle	are	shown	in	Figure	3.	The	declination	angle	throughout	the	year	can	be	
determined	from	the	approximate	equation	of	Cooper	(1969)	[10]	as	follows:	[21]	

𝛿𝛿 = 23.45 ∙ 𝑠𝑠𝑖𝑖𝑛𝑛	(360 ∙
284 + 𝑚𝑚𝑎𝑎𝑑𝑑

365 ) 

Where	day	of	the	year	is	a	number	from	1	till	365.	
Or	from	the	more	accurate	equation	of	Spencer	(1971)	as	follows:	

𝛿𝛿 = (180/𝜋𝜋) ∙ (0.006918 − 0.399912 ∙ cos 𝐵𝐵 + 0.070257 ∙ sin 𝐵𝐵 − 0.006758

∙ cos 2 ∙ 𝐵𝐵 + 0.000907 ∙ 𝑠𝑠𝑖𝑖𝑛𝑛 ∙ 2 ∙ 𝐵𝐵 − 0.002697 ∙ cos 3 ∙ 𝐵𝐵

+ 0.00148 ∙ sin	(3 ∙ 𝐵𝐵)) 

 
Where		𝐵𝐵 = (𝑚𝑚𝑎𝑎𝑑𝑑 − 1) ∙ õ… 

õ…À
				[21]	

 
The	 following	MATLAB	 code	 incorporates	 these	 equations	 to	 calculate	 declination	

angle:	
 

Day             = 1:365; 
x               = 360*(284 + Day)./365; 
sigmaCopper     = 23.45*sind(x); 
% or another sigma calculation based on Spencer 
xx              = (360/365)*(Day-1); 
ma1             = 0.006918 - 0.399912*cosd(xx)+0.07257*sind(xx); 
ma2             = -0.006758*cosd(2*xx) + 0.000907*sind(2*xx); 
ma3             = -0.006758*cosd(3*xx) + 0.00907*sind(3*xx); 
sigmaSpencer    = (ma1 + ma2+ ma3).*(180/pi); 
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Figure 4: Simulated results of declination angle throughout the year 

Solar hour angle (ω)       

The	 hour	 angle	 is	 the	 angular	 displacement	 of	 the	 sun	 east	 or	 west	 of	 the	 local	
meridian	due	to	rotation	of	the	earth	on	its	axis	at	15o	per	hour.	It	is	negative	in	the	morning	
and	positive	in	the	afternoon	as	shown	in	Figure	5.		

 

Figure 5:  Visual representation of solar hour angle [23] 

 

It	is	given	by:		
𝜔𝜔 = 𝑠𝑠𝑚𝑚𝑠𝑠𝑎𝑎𝑠𝑠𝑠𝑠𝑖𝑖𝑚𝑚𝑒𝑒 − 12 ∙ 15; 

Where	solar	time	can	be	computed	from	local	standard	time	as	follows:	

𝑠𝑠𝑚𝑚𝑠𝑠𝑎𝑎𝑠𝑠𝑠𝑠𝑖𝑖𝑚𝑚𝑒𝑒 = 𝑠𝑠𝑚𝑚𝑐𝑐𝑝𝑝𝑖𝑖𝑚𝑚𝑒𝑒 +
𝐿𝐿𝑠𝑠𝑠𝑠 − 𝐿𝐿𝑠𝑠𝑚𝑚𝑐𝑐 ∗ 4 + 𝐸𝐸

60
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Where	 Lst	 is	 the	 standard	 meridian	 which	 can	 be	 computed	 from	 the	 time	 zone	
multiplied	 by	 15o.	 And	 Lloc	 is	 the	 local	 longitude.	 If	 it	 is	 west	 located,	 Lloc	 and	 Lst	 are	
negative.	E	is	the	time	equation,	it	is	given	by	the	following	equation:	

𝐸𝐸 = 9.87 ∙ sin 2 ∙ 𝑥𝑥 − 7.53 ∙ cos 𝑥𝑥 − 1.5 ∙ sin	(𝑥𝑥) 

Figure	6	shows	the	equation	of	time	throughout	one	year	as	simulated	in	MATLAB.	
The	sun	rise	and	sun	set	at	a	given	latitude	and	longitude	can	be	determined	as	follows:	

Sun	set	solar	hour	angle	(ωs)	is	given	by:	
𝜔𝜔“ = 	 𝑐𝑐𝑚𝑚𝑠𝑠äÖ(−tan	(𝜑𝜑) ∙ tan	(𝛿𝛿)) 

Where	𝜑𝜑	is	the	local	latitude.	
Thus,	solar	time	set	and	solar	time	rise	can	be	computed	as:	

𝑆𝑆𝑚𝑚𝑠𝑠𝑎𝑎𝑠𝑠𝑝𝑝𝑖𝑖𝑚𝑚𝑒𝑒𝑆𝑆𝑒𝑒𝑠𝑠 =
𝜔𝜔“

15
+ 12	 

𝑆𝑆𝑚𝑚𝑠𝑠𝑎𝑎𝑠𝑠𝑝𝑝𝑖𝑖𝑚𝑚𝑒𝑒𝑆𝑆𝑖𝑖𝑠𝑠𝑒𝑒 =
−𝜔𝜔“

15
+ 12	 

Then	the	local	sunrise	time	and	sun	set	time	can	be	clear	computed	from	the	equation	
relating	solar	time	and	local	time.	

 
 

Figure 6: Hour angle depending on time of year 

The	 following	MATLAB	 code	 incorporates	 these	 equations	 to	 calculate	 solar	 hour	
angle:	
 

E = 9.87*sind(2*x)-7.53*cosd(x)-1.5*sind(x); 
solTime = locTime + ((Lst - Lloc)*4 + E)/60; 
% calculate hour angle omega 
omega           = (solTime-12)*15; 
omegas = acosd(-tand(phi)*tand(sigma)); 
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tcomp   = ((Lloc-Lst)*4 + E)/60; 
 
soTSet   = omegas/15 + 12; 
soTRise  = -omegas/15 + 12; 
Tr       = soTRise - tcomp;  % local sun rise time 
Ts       = soTSet - tcomp; % local sun set time 

 
 

Zenith angle (θz) 

 
Zenith	angle	is	the	angle	between	the	vertical	and	the	line	to	the	sun,	that	is,	the	angle	

of	 incidence	of	 the	beam	radiation	on	a	horizontal	 surface.	Figure	7	 illustrates	 the	zenith	
angle.	

 

Figure 2: Zenith angle illustration [24] 

Zenith	angle	computed	using	the	following	equation:	
cos	(𝜃𝜃◊) = cos 𝜑𝜑 ∙ cos 𝛿𝛿 ∙ cos 𝜔𝜔 + sin	(𝛿𝛿)sin	(𝜑𝜑) 
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Figure 3: Zenith angle simulation at 12:00 PM for one year 

The	 figure	 above	 shows	 the	 simulated	 zenith	 angle	 for	 whole	 year	 at	 12:00	 PM	
midday.	

Extraterrestrial radiation (Io) 

Extraterrestrial	 radiation	 (Io)	 is	 the	 intensity	 (power)	 of	 the	 sun	 at	 the	 top	 of	 the	
Earth’s	atmosphere.		It	is	usually	expressed	in	irradiance	units	(Watts	per	square	meter)	on	
a	plane	normal	to	the	sun.		It	varies	throughout	the	year	because	of	the	Earth’s	elliptical	orbit,	
which	results	in	the	Earth-Sun	distance	varying	during	the	year	in	a	predictable	way.		This	
effect	can	be	represented	with	the	following	equations:	

𝐼𝐼Ÿ = 𝐼𝐼“⁄ ∙ (1 + 0.33 ∗ (cos	(2 ∙ 𝜋𝜋 ∙
𝑚𝑚𝑎𝑎𝑑𝑑
365))) 

Where	𝐼𝐼“⁄	is	the	solar	constant	and	it	is	equal	to	1367.7.	
 

 
Figure 4: Simulation of Extraterrestrial radiation 
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The	simulated	results	of	extraterrestrial	radiation	are	shown	in	Figure	9.	
 

Total Solar Radiation on a Horizontal Surface 

 
According	to	reference	[25],	“Direct	Normal	Irradiance	(Gbn)	is	the	amount	of	solar	

radiation	received	per	unit	area	by	a	surface	that	is	always	held	perpendicular	(or	normal)	
to	the	rays	that	come	in	a	straight	line	from	the	direction	of	the	sun	at	its	current	position	in	
the	sky.”	It	is	defined	by	the	following	formula	[7]:	

𝐺𝐺€™ = 𝐴𝐴 ∙ 𝑒𝑒𝑥𝑥𝑝𝑝 −𝐵𝐵/cos	(𝜃𝜃◊)  

From	 this	 the	 direct	 beam	 radiation	 following	 on	 a	 horizontal	 surface	 can	 be	
computed	as:	

𝐺𝐺€ = 𝐺𝐺€™ ∙ cos	(𝜃𝜃◊) 

And	the	diffuse	radiation	is	defined	as:	
𝐺𝐺{ = 𝐺𝐺 ∙ 𝐺𝐺€™ 

Then,	the	total	radiation	on	a	horizontal	surface	is	the	sum	of	the	beam	radiation	and	
the	diffuse	radiation	and	is	given	by:	

𝐺𝐺‹ = 𝐺𝐺€ + 𝐺𝐺{ 

The	values	of	A,	b	and	C	are	computed	by	different	models	for	every	month	of	a	year.	
The	 ASHRAE	 [1,14]	 model	 offers	 a	 simpler	 method	 which	 is	 widely	 utilized	 by	 the	
engineering	 and	 architectural	 communities.	 Other	 models	 for	 computing	 A,	 B,	 and	 C	
coefficients	are	Machler	and	Iqbal’s	Model	 [5],	Parishwad’s	Model	 [11]	and	Nijegorodov’s	
Model	[9].	

These	 models	 of	 direct	 normal	 radiation	 computation	 are	 included	 in	 the	
MATLAB/GUI	and	one	of	them	can	be	selected	which	is	shown	in	Figure	10.	

 

Figure 5: Models for the computation of direct normal irradiation and diffuse radiation on an inclined surface 

 

Total solar radiation on tilted surface 
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On	a	tilted	surface	the	total	solar	radiation	hitting	a	surface	per	unit	area	is	equal	to	
the	 sum	of	 the	beam	radiation,	diffuse	 radiation	and	ground	 reflected	 radiation	on	 tilted	
surface.	

The	beam	 radiation	on	 a	 tilted	 surface	 is	 computed	 from	 the	 beam	 radiation	on	 a	
horizontal	surface	using	a	coefficient	(Rb)	as	follows:	

𝐺𝐺€› = 𝐺𝐺€ ∙ 𝑆𝑆€ 

 

Where	

𝑆𝑆€ =
cos	(𝜃𝜃)
cos	(𝜃𝜃◊)

=
cos 𝜑𝜑 − 𝛽𝛽 ∙ cos 𝛿𝛿 ∙ cos 𝜔𝜔 + sin	(𝛿𝛿)sin	(𝜑𝜑 − 𝛽𝛽)

cos 𝜑𝜑 ∙ cos 𝛿𝛿 ∙ cos 𝜔𝜔 + sin	(𝛿𝛿)sin	(𝜑𝜑)
 

Where	β	is	the	tilted	angle	
Similarly,	the	diffuse	radiation	on	a	tilted	surface	is	given	by:	

𝐺𝐺{› = 𝐺𝐺{ ∙ 𝑆𝑆{ 

Where	the	diffusion	coefficient	can	be	computed	by	different	isotropic	models	such	as	
Badescu’s	Model	[2],	Koronakis’	Model	[3],	Liu	and	Jordan’s	Model	[4]	and	Tian’s	Model	[13].	

And	the	ground	reflected	radiation	is	defined	as	follows:	
𝐺𝐺‡› = (𝐺𝐺€ + 𝐺𝐺{) ∙ 𝑆𝑆‡ 

Where	the	reflection	radiation	coefficient	(𝑆𝑆‡)	is	dependent	on	the	tilted	angle	(β)	and	
Albedo	number	of	the	reflector	[7].	And	it	is	given	as:	

𝑆𝑆‡ =
1 − cos 𝛽𝛽

2
∙ 𝐴𝐴𝑠𝑠𝐴𝐴𝑒𝑒𝑚𝑚𝑚𝑚 

Thus,	the	total	solar	radiation	on	an	inclined	surface	per	unit	area	is	given:	
𝐺𝐺› = 𝐺𝐺€› + 𝐺𝐺{› + 𝐺𝐺‡› 

The	MATLAB/GUI	 simulated	 computes	 the	 beam,	 diffuse,	 reflected	 and	 total	 solar	
radiation	and	shows	the	computed	values	as	shown	in	Figure	11.	Moreover,	the	total	solar	
radiation	per	day,	i.e	from	sun	rise	time	until	sun	set	time,	is	computed	and	displayed.	

 

. Figure 11: Output of solar radiation simulator 
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2.2 Temperature Simulation  

A	mathematical	model	for	the	thermal	analysis	of	the	solar-powered	low	temperature	
Stirling	engine	with	heat	 transfer	 is	developed	using	MATLAB/GUI	program	as	 shown	 in	
Figure	 14	 based	 on	 the	mathematical	model	 developed	 by	 Shazly	 et	 al.	 [12].	 The	model	
analyzes	the	convection	and	radiation	heat	transfer	of	the	Stirling	engine	system.	The	model	
takes	into	consideration	the	radiation	and	convection	heat	transfer	between	the	absorber	
and	 the	working	 fluid	 as	well	 as	 the	 radiation	 and	 convection	heat	 transfer	 between	 the	
lower	temperature	plate	and	the	working	fluid.	Figure	13	shows	the	diagram	which	shows	
the	heat	transfer	energy	balance.	

 

 

Figure 13: Heat transfer of a Stirling engine 

Figure 12b: Hourly Total solar radiation Figure 6a: Monthly Total solar radiation 
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The	heat	transfer	energy	balance	equations	as	presented	by	Shazly	et	al.	[12]	are	given	
as	follows:	

𝑎𝑎 ∙ 𝐺𝐺› + 𝐴𝐴 ∙ 𝑝𝑝‚Ö − 𝑝𝑝çÖ
„
õ + 𝑐𝑐 ∙ 𝑝𝑝‚Ö„ − 𝑝𝑝çê„ = 𝑚𝑚 ∙ 𝑝𝑝çÖ − 𝑝𝑝‚â‡

À
„ + 𝑒𝑒 ∙ 𝑝𝑝çÖ„ − 𝑝𝑝çê„ ………… . . (1) 

𝑓𝑓 ∙ 𝑝𝑝çê − 𝑝𝑝‚ê
„
õ + 𝑔𝑔 ∙ 𝑝𝑝çê„ − 𝑝𝑝‚ê„ = 𝑚𝑚 ∙ 𝑝𝑝‚â‡ − 𝑝𝑝çê

À
„ + ℎ ∙ 𝑝𝑝çÖ„ − 𝑝𝑝çê„ …………………					(2) 

𝑝𝑝‚â‡ =
𝑝𝑝çÖ	 + 	𝑝𝑝çê

2
…………………………………………………………………………………… (3) 

These	 three	 system	 of	 nonlinear	 equations	 with	 three	 unknown	 variables	
(𝑝𝑝çÖ, 𝑝𝑝çê	𝑎𝑎𝑛𝑛𝑚𝑚	𝑝𝑝‚â‡)	can	be	solved	using	MATLAB	fsolve	 function	with	either	Trust-Region-
Dogleg	or	Levenberg-Marquardt.	

 
Figure 7: Stirling engine temperature simulation GUI 

2.3 Power Simulation  

In	mechanical	engineering,	 the	Beale	number	 is	a	parameter	that	characterizes	the	
performance	 of	 Stirling	 engines	 [11].	 The	 power	 of	 the	 Stirling	 engine	 is	 estimated	 as	 a	
function	of	the	Beale	number	(𝐵𝐵™),	volume	of	the	cylinder	(𝑉𝑉),	air	pressure	and	rotation	cycle	
of	the	wheel	per	second	(𝐹𝐹).		

𝑃𝑃 = 	𝐵𝐵™𝑃𝑃ß𝑉𝑉𝐹𝐹 

The	air	pressure	𝑃𝑃ß	can	be	describe	from	gas	laws	as	follows:	
𝑃𝑃ß𝑉𝑉 = 𝑚𝑚𝑆𝑆𝑝𝑝‚â‡ 

𝑃𝑃ß = 𝜌𝜌‚â‡𝑆𝑆𝑝𝑝‚â‡ 

𝑃𝑃ß = 323.49 ∙ 𝑝𝑝‚â‡ 

Considering	radius	of	cylinder	plates	equal	to	5.5	cm	and	length	of	the	cylinder	equal	
of	1.5	cm,	the	volume	the	cylinder	is	equal	to:	

𝑉𝑉 = 𝜋𝜋𝑠𝑠ê𝐿𝐿 = 142.6	𝑐𝑐𝑚𝑚ê 
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Thus,	the	power	of	the	Stirling	engine	is	given	by:	
𝑃𝑃 = 0.046 ∙ 𝐵𝐵™ ∙ 𝑝𝑝‚â‡ ∙ 𝐹𝐹 

The	power	of	the	Stirling	engine	was	also	estimated	in	the	MATLAB	program	shown	
in	the	Figure	15	below.	

 
Figure 8: Power simulation GUI 

3. Analysis  
3.1. Data Collection Methods 

Data	 for	 this	 research	 paper	 was	 collected	 using	 the	 same	 MATLAB	 simulation	
programs	describe	 above	 [12]	 Since	 the	data	 is	 highly	dependent	 on	 the	 accuracy	 of	 the	
simulation,	data	collection	was	conducted	under	the	assumption	that	all	three	simulations	
including	solar	 radiation,	engine	 temperature,	and	power	output	simulations	are	close	 to	
accurate.		

3.2. Variables  

This	research	paper	focuses	on	three	main	variables:	location,	season,	and	time	of	day.	
These	 variables	were	 consider	 because	 they	were	 expected	 to	 show	 the	most	 significant	
differences	of	power	outputs	 and	 suggest	 logical	 and	 reasonable	 causes	 that	 support	 the	
trend.	For	locations,	five	cities	were	choses,	including	Brazzaville	from	Republic	of	Congo,	
Sana	from	Yemen,	Kathmandu	from	Nepal,	Kiev	from	Ukraine,	and	Moscow	from	Russia	were	
chosen	in	the	order	of	approximate	latitude	values	of	0,	15,	30,	45,	and	60.	For	seasons,	March	
21st,	the	equinox	(spring	and	autumn	are	the	same),	June	21st,	summer,	and	December	21st,	
winter,	were	used.	Then	for	time	of	day,	since	afternoon	and	evening	periods	of	day	would	
not	receive	sufficient	amount	of	sunlight,	the	time	range	of	8am	to	2pm	was	used.		
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3.3. Simulation Setup  

When	setting	up	the	solar	radiation	simulation,	values	of	local	latitude	and	standard	
time	were	required	for	input,	as	well	as	dates,	ground	types,	direction	from	Greenwich,	tilted	
angle,	 direct	 normal	 irradiance,	 and	diffuse	 radiation.	 Local	 latitude,	 local	 standard	 time,	
dates,	direction	 from	Greenwich	were	 input	depending	on	 three	main	variables:	 location,	
season,	and	time	of	day.	For	the	tilted	angle,	its	value	was	set	as	the	same	as	the	latitude	value	
during	equinox,	the	latitude	–	23	during	summer,	and	the	latitude	+	23	during	winter	for	
maximum	amount	of	solar	light.	Ground	types	were	unified	as	clear	cement,	direct	normal	
irradiation	as	AHARE,	and	diffuse	radiation	as	Liu	&	Jordan	[4].		

 
 

 
Figure 16: Input settings for the solar radiation simulator 

Moving	 onto	 the	 temperature	 simulation,	 solar	 radiation	 values	 from	 the	 solar	
radiation	 simulation	 were	 substituted.	 For	 surrounding	 temperatures,	 a	 ±	 5	 of	 average	
temperature	value	of	each	country	for	each	season	was	put	in.	Outside	temperature	data	was	
collected	from	worldweatheronline.com	[27]	and	is	attached	in	the	appendix.		
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Figure 17: Input settings for engine temperature simulator 

Finally	for	the	power	simulation,	Stirling	air	temperature	values	from	the	temperature	
simulation	were	substituted.	For	values	of	volume	and	speed,	200	cmõ	and	120	rpm	were	
used.	 After	 getting	 power	 outputs,	 they	 were	 multiplied	 by	 500	 and	 divided	 by	 solar	
radiation	values	 in	order	to	 figure	out	efficiencies	of	 the	solar	Stirling	engine.	The	200	cc	
volume	specified	in	the	power	simulation	may	be	viewed	as	a	10cm	air	gap	with	a	20	cmê	
cross-section	area.	Since	watts	/	mê	is	needed	to	compare	it	to	solar	radiation,	and	one	mê	
equals	1000	cmê:	

 .Í	Î
ê 	ÏÌ¶ 		×	

Ö ,   	ÏÌ¶

ß¶ 	 =  0.7W ×	Ö    
ê 

   = 0.7W ×	À  Î
Ì¶  

 
 Figure 18: Input settings for engine power output simulation 
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4. Findings  

Raw	data	organized	in	tables	are	attached	in	the	appendix	section.	This	section	mainly	
provides	graphical	analysis	and	further	observations	from	the	data	collected.		
 

 
Figure 19: Power output depending on time and location 

 

In	Figure	19,	 it	can	be	clearly	seen	that	every	single	data	point,	even	 including	 the	
outliers,	 are	 plotted	 between	 0.6	 W	 and	 0.8	 W.	 	 This	 demonstrates	 a	 relatively	 small	
difference	 of	 power	 outputs	 depending	 on	 location	 of	 the	 engine	 as	well	 as	 time	 of	 day.	
Differences	do	exist,	but	they	are	overall,	lower	than	expected.		The	only	time	power	output	
from	other	locations	were	significant	was	when	latitude	was	so	extreme	there	was	little	to	
no	sunlight.	The	provided	data	above	seems	to	suggest	that	location	does	not	have	a	large	
effect	on	power	output	 for	solar	Stirling	engines.	Below,	 the	range	of	 the	y-axis	has	been	
narrowed	for	power	output	for	more	in-depth	analysis.		
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Figure 20: Brazzaville power output depending on time of day and season 

Figure	20	illustrates	total	output	values	depending	on	seasons	for	Brazzaville,	the	city	
located	at	the	equator.	Data	sets	above	show	the	greatest	power	output	during	the	winter	
and	the	lowest	during	the	equinox.		

 

 

Figure 21: Moscow power output depending on time and season 

 

Figure	21	demonstrates	the	total	power	output	depending	on	seasons	for	Moscow,	the	
location	 farthest	 from	 the	 equator.	 An	 opposite	 trend	 of	 the	 data	 sets	 from	 the	previous	
figure	are	shown.	The	greatest	power	 is	produced	during	summer	and	 the	 lowest	during	
winter.	The	data	point	for	8am	is	not	available	for	winter	since	at	high	latitudes	in	Russia,	
the	day	is	short	and	therefore	no	sunlight	is	available	in	the	morning.	Three	remaining	data	
points	for	winter	are	the	extended	consequence	of	extremely	low	average	temperatures	in	
Moscow	and	an	insufficient	amount	of	sunlight.	
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Figure 22: Equinox power output depending on time and location 

 
Figure	22	shows	the	total	power	for	equinox	depending	on	time	of	day	and	location.	

It	clearly	illustrates	the	peak	of	the	power	output	at	12pm,	0.79	Watts	at	Brazzaville.	Power	
output	increases	in	order	of	8am,	10am,	2pm,	and	12pm.	It	can	be	inferred	that	the	greatest	
amount	of	 sunlight	 is	being	 received	by	 the	 solar	Stirling	engine	at	noon.	Thus,	 the	 solar	
Stirling	 engine	 simulation	 from	 Brazzaville	 produces	 the	 greatest	 power.	 Power	 output	
increases	in	order	of	Moscow,	Kiev,	Kathmandu,	Sana,	and	Brazzaville.	It	is	in	order	of	cities	
from	the	highest	latitude	to	the	lowest.	The	closer	cities	are	located	from	the	equator,	the	
greater	 power	 output	 of	 the	 solar	 Stirling	 engine	 can	 be	 produced.	 In	 addition,	 a	 linear	
correlation	 between	 each	 data	 points	 is	 clearly	 shown	 and	 it	 tells	 that	 for	 equinox,	 the	
location	does	slightly	affect	the	total	power	of	the	solar	Stirling	engine.	

 

 
Figure 23: Winter power output depending on time and location 



Analysis	of	Applied	Mathematics	½Volume	9	
	

71	

Figure	 23,	 again,	 demonstrates	 the	 increasing	 power	 outputs	 in	 the	 order	 of	 8am,	
10am,	2pm,	and	12pm;	peaks	of	power	outputs	are	at	12pm.	Because	the	temperature	for	
8am	 in	 Moscow	 is	 too	 low	 and	 there	 is	 not	 enough	 sunlight,	 power	 output	 data	 is	 not	
available.	At	high	latitudes	in	Russia,	the	day	is	so	short	that	off-noon	sunshine	is	very	small.	
Thus,	three	remaining	data	points	for	Moscow	that	are	left	as	outliers	indicate	the	irregular	
trend.		

 

 

 
Figure 24: Summer power output depending on time and location 

 
Figure	 24	 presents	 the	 similar	 trend	 of	 power	 output	with	 Figure	 23.	 It	 is	 clearly	

shown	 that	peaks	of	 power	outputs	 are	 located	 at	 12pm	 for	 every	 cities	 and	 that	power	
outputs	increase	in	order	of	8am,	10am,	2pm,	and	12pm.	Though,	because	data	points	for	
Brazzaville	are	together	with	Sana’s,	Kathmandu’s,	and	Kieva’s,	accurate	and	valid	analysis	
and	comparisons	between	data	points	depending	on	cities	is	difficult.	This	also	implies	how	
small	the	differences	between	power	outputs	of	each	city	are.		When	observing	data	for	solar	
radiation	and	temperature	at	these	locations,	there	are	definitely	differences	in	these	input	
values,	however	power	output	seems	to	remain	quite	similar	if	the	solar	Stirling	engine	is	
given	solar	radiation	and	warm	enough	temperatures.	There,	a	hypothesis	is	made	that	there	
may	 be	 a	 threshold	 of	 solar	 radiation,	 outside	 temperature,	 or	 both,	 that	when	 reached,	
addition	solar	radiation	or	temperature	rises	may	not	necessarily	result	in	a	direct	increase	
in	power	output,	causing	severe	diminishing	returns.	 	However,	some	assumptions	of	our	
model	 in	 temperature	 differentials	 for	 the	 Stirling	 engine	 or	 other	 unaccounted	 for	
assumptions	may	have	also	caused	this	data.		
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Figure 25: Efficiency of the solar Stirling enginer depending on solar radiatoion during Summer in Kathmandu, 

Nepal 

 

Figure 26: Efficiency of the solar Stirling engine depending on solar radiation during winter in Kathmandu, Nepal 
 

Figure	25	and	26	shows	diminishing	efficiency	depending	on	solar	Stirling	radiation.	
Efficiency	and	solar	Stirling	radiation	are	inversely	proportional;	as	solar	Stirling	radiation	
increases,	efficiency	decreases.	Because	power	output	increases	as	solar	Stirling	radiation	
increases,	 power	 output	 and	 efficiency	 values	 are	 also	 in	 an	 inversely-proportional	
relationship.		It	is	true	that	efficiency	is	a	relative	measure,	but	it	is	not	an	absolute	indicator	
of	utility.	For	example,	a	person	may	be	very	efficient	with	a	dime,	losing	only	a	penny.	But	
the	person	with	$100	–	even	if	he	wastes	half	–	can	buy	a	whole	lot	more.		

5. Conclusions 

In	 conclusion,	 solar	 Stirling	 engine	 produces	 the	 greatest	 power	 at	 noon	 and	 at	
Brazzaville,	Republic	of	Congo,	the	city	located	closest	to	the	equator.	However,	as	can	be	
seen	in	Figure	19,	location	does	not	seem	to	affect	overall	output	as	much	as	expected.	Hence,	
the	 engine	 provides	 the	 greatest	 power	 during	 summer	 for	 locations	 further	 from	 the	
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equator	and	for	locations	near	the	equator,	summer	and	winter	power	output	varied,	with	
output	being	highest	in	winter	at	Brazzaville.	

Assuming	 that	 the	 simulation	 is	 accurate,	 these	 conclusions	 are	 valid.	 However,	
relying	on	 the	 simulation	 instead	of	 conducting	practical	 experiments	 resulted	 in	 several	
assumptions	that	could	produce	a	high	percentage	error.	When	setting	up	the	solar	Stirling	
radiation	simulation,	the	ground	type	was	set	as	clean	cement	assuming	that	grounds	from	
every	 city	 would	 be	 composed	 of	 cement.	 However,	 not	 all	 grounds,	 especially	 in	 low	
economically	developed	countries	such	as	Nepal,	have	clear	cement	but	rather	sand	or	soil.	
In	addition,	when	setting	up	the	surrounding	temperature	for	the	temperature	simulation,	
average	 temperatures	 from	 2016	 were	 used.	 [27]	 However,	 due	 to	 the	 increasing	
seriousness	of	the	climate	change,	average	temperatures	are	fluctuating	severely.	As	can	be	
seen	from	the	Figure	27,	average	yearly	temperatures	are	not	constant.		

 
Figure 27: Average yearly temperature data for Moscow, Russia 

 
If	more	time	and	resources	were	available,	it	would	have	been	ideal	to	compare	the	

results	from	the	simulation	to	actual	power	output	from	operating	solar	Stirling	engines	at	
the	locations	simulated,	in	particular	seasons	and	times	of	day.		

For	 further	 exploration,	 expanding	 the	 research	 through	 knowledge	 gained	 from	
‘Sustainable	Energy	without	the	Hot	Air”	by	David	Mackay	would	be	interesting.	Other	than	
the	 solar	 Stirling	 engine,	 there	 are	 solar	 thermal	 panels	 that	 use	 the	 sunlight	 for	 direct	
heating	of	buildings	or	water	and	solar	photovoltaic	panel	 that	generates	electricity	 from	
sunlight.	[6]	The	efficiency	of	solar	Stirling	engines	in	the	simulation	are	over	50%,	while	
solar	thermal’s	is	50%	and	photovoltaics	is	20%.	In	the	future,	exploration	on	the	specific	
strengths	and	weaknesses	of	each	of	these	solar	technologies	would	be	a	worthy	pursuit.		
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7. Appendix   
Average Temperatures of Cities (℃) (data from www.worldweatheroOnline.com) 

	
LLooccaattiioonn		

SSeeaassoonn		
RReeppuubblliicc		ooff		CCoonnggoo		

((BBrraazzzzaavviillllee))		

YYeemmeenn		

((SSaannaa))		

NNeeppaall		

((KKaatthhmmaanndduu))		

UUkkrraaiinnee		

((KKiieevv))		

RRuussssiiaa		

((MMoossccooww))		

EEqquuiinnooxx		

33//2211		

25	 18	 23	 8	 -2	

SSuummmmeerr				

66//2211		

23	 21	 16	 18	 18	

WWiinntteerr		

1122//2211		

24	 14	 12	 -2	 -6	

 

Equinox: Total Solar Radiation of Solar Stirling Engine 

	 LLooccaattiioonn		

TTiimmee		ooff		DDaayy				 BBrraazzzzaavviillllee		 SSaannaa		 KKaatthhmmaanndduu		 KKiieevv		 MMoossccooww		

88aamm		 460.475	 457.587	 446.226	 414.453	 338.729	

1100aamm		 907.251	 907.978	 904.667	 878.341	 791.252	

1122ppmm		 1086.01	 1088.28	 1088.63	 1065.65	 977.257	

22ppmm		 947.744	 948.817	 946.324	 920.723	 833.245	

Summer: Total Solar Radiation of Solar Stirling Engine 

	 LLooccaattiioonn		

TTiimmee		ooff		DDaayy		 BBrraazzzzaavviillllee		 SSaannaa		 KKaatthhmmaanndduu		 KKiieevv		 MMoossccooww		

88aamm		 494.84	 527.617	 516.611	 554.986	 556.864	

1100aamm		 867.526	 876.373	 866.488	 880.637	 868.655	

1122ppmm		 1002.05	 1004.88	 998.453	 1004.03	 988.245	
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22ppmm		 873.754	 882.303	 872.552	 886.301	 874.13	

Winter: Total Solar Radiation of Solar Stirling Engine  

	 LLooccaattiioonn		

TTiimmee		ooff		DDaayy		 BBrraazzzzaavviillllee		 SSaannaa		 KKaatthhmmaanndduu		 KKiieevv		 MMoossccooww		

88aamm		 588.844	 536.597	 401.5	 36.8345	 N/A	

1100aamm		 994.229	 979.98	 919.792	 736.505	 84.3456	

1122ppmm		 1137.37	 1132.18	 1086.01	 932.314	 381.381	

22ppmm		 987.613	 972.914	 911.999	 727.044	 72.7309	

Equinox: Stirling Air Temperature (℃) 

	 LLooccaattiioonn		

TTiimmee		ooff		DDaayy				 BBrraazzzzaavviillllee		 SSaannaa		 KKaatthhmmaanndduu		 KKiieevv		 MMoossccooww		

88aamm		 61.1961	 56.1154	 53.9015	 41.9693	 32.6044	

1100aamm		 88.8595	 85.1737	 83.9497	 75.4816	 67.9574	

1122ppmm		 98.3472	 95.0477	 94.1219	 86.6191	 79.7535	

22ppmm		 91.0753	 87.4834	 86.3311	 78.0981	 70.7305	

 

Summer: Stirling Air Temperature (℃) 

	 LLooccaattiioonn		

TTiimmee		ooff		DDaayy				 BBrraazzzzaavviillllee		 SSaannaa		 KKaatthhmmaanndduu		 KKiieevv		 MMoossccooww		

88aamm		 62.1951	 64.4443	 63.6938	 63.0438	 51.062	

1100aamm		 85.5407	 86.0425	 85.4817	 83.6017	 73.0168	

1122ppmm		 92.9506	 93.1016	 92.7583	 90.5359	 80.4133	

22ppmm		 85.8941	 86.3776	 85.826	 83.9291	 73.3662	
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Winter: Stirling Air Temperature (℃) 

	 LLooccaattiioonn		

TTiimmee		ooff		DDaayy				 BBrraazzzzaavviillllee		 SSaannaa		 KKaatthhmmaanndduu		 KKiieevv		 MMoossccooww		

88aamm		 69.1793	 59.1964	 47.69	 21.0893	 N/A	

1100aamm		 93.0491	 87.2394	 82.8098	 74.9471	 2.99411	

1122ppmm		 100.453	 95.4964	 92.135	 86.5555	 33.8371	

22ppmm		 92.6956	 86.8417	 82.3539	 74.3559	 1.66695	

Equinox: Total Power (Watts) 

	 LLooccaattiioonn				

TTiimmee		ooff		DDaayy				 BBrraazzzzaavviillllee		 SSaannaa		 KKaatthhmmaanndduu		 KKiieevv		 MMoossccooww		

88aamm		 0.711677	 0.700863	 0.69615	 0.670752	 0.650818	

1100aamm		 0.77056	 0.762715	 0.76011	 0.742085	 0.726069	

1122ppmm		 0.790756	 0.783732	 0.78176	 0.765792	 0.751178	

22ppmm		 0.775277	 0.767631	 0.765179	 0.747654	 0.731972	

Summer: Total Power (Watts) 

	 LLooccaattiioonn				

TTiimmee		ooff		DDaayy				 BBrraazzzzaavviillllee		 SSaannaa		 KKaatthhmmaanndduu		 KKiieevv		 MMoossccooww		

88aamm		 0.713804	 0.718591	 0.716994	 0.71561	 0.690106	

1100aamm		 0.763496	 0.764564	 0.763371	 0.759369	 0.736838	

1122ppmm		 0.779269	 0.77959	 0.778859	 0.774129	 0.752582	

22ppmm		 0.764248	 0.765278	 0.764103	 0.760066	 0.737582	

 

Winter: Total Power (Watts) 

	 LLooccaattiioonn				

TTiimmee		ooff		DDaayy				 BBrraazzzzaavviillllee		 SSaannaa		 KKaatthhmmaanndduu		 KKiieevv		 MMoossccooww		
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88aamm		 0.72867	 0.707421	 0.691721	 0.626307	 N/A	

1100aamm		 0.779478	 0.767112	 0.766464	 0.740947	 0.58779	

1122ppmm		 0.795238	 0.784688	 0.786101	 0.765656	 0.653442	

22ppmm		 0.778726	 0.766265	 0.756713	 0.739689	 0.584966	

Equinox: Total Efficiency   

	 LLooccaattiioonn				

TTiimmee		ooff		DDaayy				 Brazzaville	 Sana	 Kathmandu	 Kiev	 Moscow	

8am	 0.772763	 0.765824	 0.780042	 0.809202	 0.960677	

10am	 0.424667	 0.420007	 0.420105	 0.422436	 0.458810	

12pm	 0.364065	 0.360078	 0.359057	 0.359307	 0.384330	

2pm	 0.409012	 0.404520	 0.405000	 0.406015	 0.439230	

Summer: Total Efficiency  

	 LLooccaattiioonn				

TTiimmee		ooff		DDaayy				 BBrraazzzzaavviillllee		 SSaannaa		 KKaatthhmmaanndduu		 KKiieevv		 MMoossccooww		

8am	 0.721247	 0.680978	 0.693940	 0.644471	 0.619636	

10am	 0.440042	 0.436209	 0.440497	 0.431148	 0.424126	

12pm	 0.388837	 0.387902	 0.390033	 0.385511	 0.380742	

2pm	 0.437336	 0.433682	 00.437856	 0.428785	 0.421895	

Winter: Total Efficiency  

	 LLooccaattiioonn				

TTiimmee		ooff		DDaayy				 BBrraazzzzaavviillllee		 SSaannaa		 KKaatthhmmaanndduu		 KKiieevv		 MMoossccooww		

8am	 0.618729	 0.659173	 0.861421	 N/A	 N/A	

10am	 0.392001	 0.391392	 0.416651	 0.503016	 N/A	

12pm	 0.349595	 0.346539	 0.361922	 0.410621	 0.856679	

2pm	 0.394247	 0.393799	 0.319677	 0.508696	 N/A	
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Winter – Kathmandu, Nepal 

Summer – Kathmandu, Nepal 

SSoollaarr		
RRaaddiiaattiioonn		

SSttiirrlliinngg		EEnnggiinnee		
TTeemmppeerraattuurree		

SSoollaarr		
RRaaddiiaattiioonn		 PPoowweerr		 SSoollaarr		

RRaaddiiaattiioonn		 EEffffiicciieennccyy		

500	 55.246	 500	 0.699012	 500	 0.699012	
550	 58.8991	 550	 0.706788	 550	 0.642535	
600	 62.4389	 600	 0.714323	 600	 0.595269	
650	 65.8723	 650	 0.721631	 650	 0.555101	
700	 69.2056	 700	 0.728726	 700	 0.520519	
750	 72.4445	 750	 0.735620	 750	 0.490413	
800	 75.5947	 800	 0.742325	 800	 0.463953	
850	 78.661	 850	 0.748852	 850	 0.440501	
900	 81.6483	 900	 0.755211	 900	 0.419562	
950	 84.5607	 950	 0.761410	 950	 0.400742	
1000	 87.4022	 1000	 0.767459	 1000	 0.383730	

Solar 
Radiation 

Stirling Engine 
Temperature 

Solar 
Radiation Power Solar 

Radiation Efficiency 

500 57.8577 500 0.704571 500 0.704571 
550 61.4189 550 0.712151 550 0.647410 
600 64.8735 600 0.719505 600 0.599959 
650 68.2277 650 0.726644 650 0.558957 
700 71.4873 700 0.733583 700 0.523988 
750 74.6574 750 0.74033 750 0.493553 
800 77.7432 800 0.746899 800 0.466812 
850 80.7493 850 0.753297 850 0.443116 
900 83.6799 900 0.759535 900 0.421964 
950 86.539 950 0.765621 950 0.402975 
1000 89.3303 1000 0.771563 1000 0.385782 
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The Influence of Pseudorandom Number 
Generators 

By Audrey Chaeyoung Cheon 
The Hill School 

Introduction  

Earlier	this	year,	Apple	refused	to	oblige	a	court	order	requiring	the	company	to	create	
a	backdoor,	a	“master	key,”	that	can	unlock	security	codes	on	all	iOS	devices.	The	following	
is	an	excerpt	from	Apple’s	customer	letter	in	response	to	the	court	order:	“Compromising	
the	security	of	our	personal	information	can	ultimately	put	our	personal	safety	at	risk.	That	
is	why	encryption	has	become	so	important	to	all	of	us.”	Tim	Cook	argued	that	such	a	decision	
is	a	threat	not	only	to	the	security	of	the	customers,	but	ultimately	to	the	values	of	democracy.		
This	controversy	received	international	attention	as	it	displayed	a	clash	between	national	
security	and	personal	privacy,	a	matter	that	has	been	globally	debated	for	years.		

One	might	wonder,	even	question,	why	online	security	matters	so	much	on	a	personal	
scale.	 Online	 security	matters	 for	 all	 because	 it	 provides	 us	 privacy.	 John	 Locke	 viewed	
privacy	 as	 fundamental,	 since	 it	 enabled	 people	 to	 share	 their	 opinions	 freely.	Within	 a	
similar	context,	Moxie	Marlinspike	argues	that	online	privacy	“allows	people	to	experi-ment	
with	lawbreaking	as	a	precursor	for	social	progress.”	While	this	idea	might	appear	dubious	
upon	first	glance,	Marlinspike	supports	his	stance	with	the	recent	legalization	of	same	sex	
marriage	 in	 America.	 He	writes	 that	 this	would	 have	 been	 impossible	 if	we	were	 in	 “an	
alternate	dystopian	reality	where	law	enforcement	was	100	percent	effective,	such	that	any	
potential	offenders	knew	they	would	be	immediately	identified,	apprehended,	and	jailed.”		

As	more	emphasis	is	placed	on	online	security	day	by	day,	engineers	are	attempting	
to	create	a	stronger	encryption	method.	For	any	electronic	encryption	method	to	function	
properly,	 a	 pseudo	 random	 number	 generator	 is	 essential.	 A	 “pseudorandom	 number	
generator”	refers	to	an	algorithm	that	will	generate	a	sequence	of	numbers	(output)	based	
on	 the	 initial	 “seed”	 number,	 preferably	 with	 low	 entropy.	 As	 insinuated	 by	 the	 prefix	
“pseudo-,”	the	number	generated	by	this	device	is	not	absolutely	“random”	as	it	indeed	can	
be	traced	back	to	its	initial	“seed.”	[1]	Thus,	 it	 is	 important	to	note	that	the	output	of	this	
generator	should	appear	as	arbitrary	as	possible.			

The	focus	of	this	paper	is	to	ascertain	the	value	of	pseudorandom	number	generators	
and	their	various	applications	in	cryptography,	math,	and	other	fields.		
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Real Random data vs Pseudorandom data  

	Before	 discussing	 methods	 that	 can	 increase	 the	 randomness	 of	 pseudorandom	
numbers,	 it	 is	 important	 to	 acknowledge	 the	 difference	 between	 real	 random	 data	 and	
pseudorandom	data,	and	also	the	limitations	regarding	real	random	data.		Real	random	data	
refers	to	numbers	that	do	not	exhibit	any	specific	patterns,	whereas	pseudorandom	numbers	
are	artificially	generated	numbers	that	merely	appear	to	be	random.	Real	random	data	are	
usually	 obtained	 by	measuring	 “physical	 processes	 that	 behave	 in	 a	 fundamentally	 non-
deterministic	way	which	makes	them	better	candidates	for	true	random	number	generation”	
such	as	radioactive	decay,	sound	samples	taken	in	various	environments	or	even	a	coin	toss.	
Some	might	question	whether	the	data	obtained	by	physical	phenomena	are	truly	“random.”	
For	 example,	 one	might	 argue	 that	 if	we	were	 given	 the	 exact	 velocities	 of	 the	 air,	 force	
applied	 by	 the	 coin	 thrower	 and	 all	 other	 possible	 factors,	 we	 could	 predict	 the	 exact	
outcome.	 	 However,	 quantum	mechanics,	 specifically	 our	 inability	 to	 automatically	 solve	
Navier-Stokes	equations,	guarantees	us	that	there	are	physical	phenomena	that	simply	can't	
be	 predicted.	 While	 it	 is	 possible	 to	 acquire	 a	 probability	 for	 each	 option	 (such	 as	 the	
percentage	likelihood	of	getting	head	or	tails	as	the	result),	probability	merely	provides	the	
relative	likelihood	of	each	event,	not	an	absolute	prediction.	It	can	be	concluded	therefore	
that	“real”	random	numbers	do	exist.	[2]	

However,	 pseudorandom	 numbers	 are	 still	 useful,	 because	 there	 are	 various	
problems	with	using	real	random	data.	A	major	problem	regarding	real	random	numbers	is	
that	 many	 of	 these	 data	 require	 the	 use	 of	 specialized	 hardware,	 making	 these	 data	
unavailable	 to	 many	 users	 due	 to	 their	 inaccessibility	 and	 cost.	 While	 this	 might	 be	 an	
effective	method	for	just	one	encryption,	this	characteristic	prohibits	real	random	numbers	
from	being	widely	used.	There	are	some	exceptions	to	this	characteristic	such	as	the	timing	
of	keystrokes	as	the	user	enters	a	password,	which	will	 later	be	used	in	Fortuna.	Another	
major	problem	with	real	random	numbers	is	that	they	aren’t	always	available.	Consider	an	
example	that	was	previously	mentioned:	keystroke	timings.	While	this	number	can	easily	be	
obtained,	 it	 requires	 time.	 If	 the	 user	 is	 not	 typing,	 a	 real	 random	 number	 cannot	 be	
generated,	which	limits	when	and	where	this	data	can	be	used.	The	requirement	of	time	is	
another	factor	that	places	a	restriction	on	the	use	real	random	data.		

Another	problem	with	these	numbers	is	that	it	is	possible	for	real	random	numbers,	
usually	physical	random	numbers,	to	exhibit	a	certain	pattern	after	a	certain	time	period.	
Due	 to	 its	 intrinsic	 nature,	 the	 various	 devices	 used	 to	 obtain	 data	 regarding	 natural	
phenomena	can	easily	malfunction.		

It	 is	also	 important	 to	note	 that	unlike	pseudorandom	numbers,	 it	 is	 impossible	 to	
manually	 generate	 real	 random	 data.	 John	 Von	Neumann	 even	 stated	 that	 “Anyone	who	
attempts	to	generate	random	numbers	by	deterministic	means	is,	of	course,	living	in	a	state	
of	sin.”	This	limitation	is	“because	the	machine	is	following	the	same	algorithm	to	generate	
[data].	 Typically,	 that	means	 it	 starts	 with	 a	 common	 ‘seed’	 number	 and	 then	 follows	 a	
pattern.”	[3]	A	seed	number	refers	to	an	initial	value	that	pseudorandom	number	generators	
(PRNG)	use	to	produce	numbers	that	follow	afterwards.	From	a	mathematical	perspective,	
PRNGs	are	simply	generating	a	sequence	based	on	an	algorithm.	It	is	true	that	we	are	able	to	
maximize	 its	 security	 by	 increasing	 its	 complexity.	 However,	 since	 there	 is	 always	 a	
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possibility,	no	matter	how	slim,	of	tracing	the	“seed”	number	from	the	generated	numbers,		
these	generated	numbers	can	never	truly	be	defined	as	“random.”	

 Cryptographically secure PRNG (CSPRNG)  

We	want	PRNG	to	render	unpredictable	results	that	appear	arbitrary.	However,	since	
PRNG	is	applied	in	a	wide	range	of	subjects,	the	exact	requirements	differ	per	usage.	PRNG	
can	 be	 divided	 into	 two	main	 categories:	 cryptographically	 secure	 PRNG	 (CSPRNG)	 and	
ordinary	PRNG.	The	main	difference	between	the	categories	is	that	while	ordinary	PRNG	is	
differentiable	from	true	random	numbers	by	an	intelligent	attacker,	CSPRNG	disables	this	
distinguishing.	Hence,	 even	 if	we	were	 given	 some	 information	 regarding	 the	CSPRNG,	 it	
would	be	impossible	to	differentiate	its	outcome	from	true	randomness.	It	is	important	to	
note	that	every	CSPRNG	will	satisfy	the	definition	of	PRNG,	but	that	the	reverse	is	not	true.		

In	order	for	a	PRNG	to	be	considered	a	CSPRNG,	it	must	satisfy	two	properties	along	
with	statistical	randomness	tests.	First,	its	output	must	pass	the	“next	bit	test.”	The	next	bit	
test	 states	 that	 “Given	 the	 first	k	bits	of	a	 random	sequence,	 there	 is	no	polynomial-time	
algorithm	that	can	2	predict	the	(k+1)th	bit	with	probability	of	success	better	than	50%.”	
[4]	The	next	bit	test	is	useful	because	not	only	does	it	ensure	the	strength	of	security	of	the	
generated	numbers,	but	also	because	passing	the	next	bit	tests	signifies	that	the	generated	
numbers	will	pass	all	polynomial	time	statistical	tests	as	well.	In	1982,	Andrew	Yao	proved	
this	 characteristic	 of	 the	 next	 bit	 test.	 In	 “On	 the	 security	 of	 public-key	 protocols,”	 he	
connected	a	“notion	of	pseudorandomness	to	the	idea	of	a	statistical	test,	a	notion	already	
used	in	the	study	of	pseudorandom	number	generators”	 	and	proved	“that	one	particular	
test,	known	as	the	next-bit	test,	 is	adequate	for	characterizing	pseudorandomness.”	 	After	
realizing	the	factors	that	determine	a	cryptographically	secure	pseudorandom	numbers,	he	
defined	CSPRNG	as	“an	efficient	randomized	algorithm	which	uses	a	limited	number	of	truly	
random	bits	in	order	to	output	a	sample	from	a	perfect	distribution	whose	size	is	polynomial	
in	the	number	of	random	bits	used.”	[5]		

	Second,	 CSPRNG	 should	 be	 able	 to	 withstand	 state	 compromise	 extensions.	 State	
compromise	extensions	refer	to	attacks	in	which	the	attackers	become	aware	of,	or	correctly	
guess,	the	partial	or	the	complete	internal	state	of	the	system,	usually	through	a	temporary	
vulnerability	of	the	number	generator.		It	is	said	to	be	successful	“when	the	attacker	is	able	
to	recover	unknown	PRNG	outputs	(or	distinguish	those	PRNG	outputs	from	random	values)	
from	before	S	was	compromised,	or	recover	outputs	 from	after	 the	PRNG	has	collected	a	
sequence	of	inputs,	which	the	attacker	cannot	guess.”	[6]	However,	for	CSPRNG,	even	if	the	
entropy	input	becomes	partially	or	completely	known	to	the	attacker,	the	attacker	will	be	
unable	to	predict	the	future	state	of	the	generator.		

Some	might	question	why	we	would	still	consider	traditional	PRNGs	to	be	useful	since	
they	fail	the	next	bit	test	and	can	be	cracked	by	an	intelligent	attacker.	Despite	the	fact	that	
its	 output	 can	 be	 differentiated	 from	 real	 random	 numbers,	 PRNGs	 can	 still	 fool	 some	
statistical	 tests.	 This	 characteristic	 is	 valuable	 when	 there	 isn’t	 an	 intelligent	 attacker	
involved	in	the	process.	One	example	of	a	useful	PRNG	is	the	Mersenne	Twister.	While	the	
Mersenne	Twister	generates	pseudorandom	numbers	of	prime	quality	at	an	extremely	rapid	
pace,	it	isn’t	considered	a	cryptographically	secure	pseudorandom	number	generator.		
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 Linear Congruential Generator  

Another	 example	 of	 such	 PRNG	 is	 the	 linear	 congruential	 generator.	 It	 was	 first	
introduced	in	1949	by	Derrick	Henry	Lehmer.		Not	only	is	this	one	of	the	simplest	and	oldest	
forms	of	random	number	generators,	 it	 is	also	 the	most	common	type	we	use	 today.	The	
following	describes	the	fundamental	formula	used	in	linear	congruential	generators:		

Xn+1	=	(aXn+c)	mod	m	
	The	seed	of	this	formula	is	X0,	and	a,	c,	and	m	are	constants.	It	is	important	to	note	

that	outputs	of	the	generator	will	be	in	between	0	and	m-1.	In	other	words,	the	period	length	
of	this	generator	cannot	be	greater	than	m.	[7]	

	For	example,	we	can	consider	m=17,	a=3,	c=4,	with	an	initial	seed	of	X0=4.		
X1:	3(4)	+	4	mod	(17)	=	16	
X2:	3(16)	+	4	mod	(17)	=	52	mod	(17)	=	1		
Under	such	conditions,	the	generated	numbers	appear	random.	Now,	 let’s	consider	

another	example	with	m=9,	a=2,	c=0	with	initial	seed	X0=3.		
X1:	2(3)	mod	9	=	6,		
X2:	2(6)	mod	9	=	12	mod	9	=3.	
	After	2	steps,	we	return	to	the	initial	state.	While	the	generator	will	eventually	return	

to	its	seed	number	and	repeat	itself,	it	is	possible	to	maximize	the	length	of	such	cycles	by	
manipulating	a,	c	and	m.		

Here	are	the	exact	requirements:		
1. Numbers	c	and	m	are	coprime.	
2. The	number	b	=	a	−	1	is	a	multiple	of	p	for	any	prime	divisor	p	of	the	integer	m.	
3. The	number	b	is	a	multiple	of	4,	if	m	is	a	multiple	of	4.	

Fibonacci Sequence  

	There	are	PRNGs	that	were	inspired	by	mathematical	sequences	that	already	existed.	
Probably	the	most	famous	sequence	in	the	world,	the	Fibonacci	sequence,	was	introduced	
by	Fibonacci	in	1202.	The	Fibonacci	Sequence	can	be	defined	as	the	following:	

Xn	=	Xn-1	+	Xn-2	
The	Lagged	Fibonacci	generator	resembles	the	sequence	in	many	ways	and	is	defined	

as	the	following: Xn+1= Xn−k + Xn−j mod m.	
	m	of	the	generator	can	also	be	described	as	2l,	as	it	is	usually	equal	to	some	power	of	

two.	In	order	to	maximize	the	randomness	of	the	generator,	the	polynomial	Xk+Xj+1	must	
be	primitive	modulo	2.	Here	are	some	examples	that	satisfy	the	aforementioned	property:		

j=24,k=55;	j=38,k=89;	j=37,k=100;	j=30,k=127;	j=83,k=258.	
	The	provided	definition	of	the	Lagged	Fibonacci	generator	is	very	general.	It	should	

be	 noted	 that	 there	 are	 various	 kinds	 of	 Lagged	 Fibonacci	 generators,	 such	 as	 Additive	
Lagged	Fibonacci	generators	(also	referred	to	as	ALFGs)	and	Multiplicative	Lagged	Fibonacci	
Generators	(MLFGs).	Additive	Lagged	Fibonacci	can	be	expressed	as	the	following:		

Xk = Xk−p ± Xk−p+q  mod m	
Multiplicative	Lagged	Fibonacci	can	be	expressed	as	the	following:		
Xk	=	Xk-p	×	Xk-p+q	[8]	
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The	Lagged	Fibonacci	generator	has	been	and	is	a	very	popular	generator,	because	it	
carries	various	advantages	that	linear	congruential	generators	don’t	provide.	Not	only	is	it	
“easy	to	implement”	and	“cheap	to	compute,”	[9]	it	has	a	comparably	large	period,	especially	
with	a	sufficiently	large	p.	This	is	a	very	huge	benefit	since	linear	congruential	generators’	
periods	are	very	limited,	whereas	a	Lagged	Fibonacci	generator	can	overcome	this	limitation.	
Especially	with	a	large	p	value,	a	Lagged	Fibonacci	generator	is	known	to	be	very	successful	
with	statistical	tests	as	well.		

	Many	 “LCGs	 are	 vulnerable	 to	 attacks	 if	 they	 are	 used	 to	 generate	 keys	 in	 a	
cryptosystem	or	in	similar	situations	because	it	is	possible	to	recover	the	parameters	of	LCGs	
in	 polynomial	 time	 given	 several	 observed	 outputs.”	 [10]	 Compared	 to	 regular	 PRNGs,	
CSPRNGs	 have	 a	more	 complicated	 design	 and	 system,	 as	more	work	 is	 required	 to	 fool	
statistical	 tests	 and	 replicate	 true	 randomness.	 There	 are	 some	 exceptions	 to	 this	
characteristic,	however.		

Blum Blum Shub  

	One	 example	 of	 such	 exceptions	 is	 the	Blum	Blum	 Shub.	 Blum	Blum	 Shub	was	 “–
proposed	in	1986	by	Lenore	Blum,	Manuel	Blum,	and	Michael	Shub.”	Blum	Blum	Shub	can	
be	expressed	as	the	following:		

Xn+1=(Xn)2	mod	m	
There	are	several	requirements	these	variables	must	satisfy	in	order	to	be	considered	

a	Blum	Blum	Shub.		
1. m	must	be	a	product	of	two	primes.	
2. the	initial	seed,	also	referred	to	as	X0,	should	be	an	integer	coprime	to	m.	
3. X0	cannot	equal	0	or	1.		
4. the	two	prime	numbers	that	produce	m	must	be	congruent	to	3	mod	4.		

		Blum	Blum	Shub	is	“	good	for	cryptography	because	of	the	difficulty	of	finding	any	
non-random	patterns	through	calculation,”	meaning	that	it	provides	a	strong	security	proof.	
It	 also	 has	 a	 very	 useful	 property:	 any	 value	 Xi	 can	 be	 computed	 without	 computing	
intermediate	values:	

Xn=X0
2 n mod (p−1)(q−1) mod m.	

Computational	 difficulty	 of	 cracking	 this	 algorithm	 is	 equivalent	 to	 the	 quadratic	
residuosity	problem,	 “which	 is:	Given	a	composite	number	n	 ,	 find	whether	x	 is	a	perfect	
square	modulo	n.	 It	 has	 been	proven	 that	 this	 is	 as	 hard	 as	 cracking	 the	RSA	public-key	
cryptosystem	which	involves	the	factoring	of	a	large	composite.”	[10]		

However,	 it	 has	 some	 flaws	 as	well.	 The	 speed	 of	Blum	Blum	Shub	 isn’t	 very	 fast,	
making	 it	 a	 poor	 choice	 for	 simulations.	 It	 doesn’t	 help	 that	 Blum	 Blum	 Shub	 isn’t	 a	
permutation	 generator.	 A	 k-permutation	 generator	 is	 “is	 a	 program	 which	 produces	
permutations	 of	 a	 set	 of	 k	 distinct	 objects.	 Each	 of	 these	 permutations	 is	 called	 a	 k-
permutation.”	Whereas	many	RNGs	have	a	period	length	of	n,	Blum	Blum	Shub	has	a	period	
less	than	M,	making	it	“not	[adapt]	produce	uniform	random	variates	between	1	and	m-1.”	
[11]		

	Today,	there	are	a	lot	of	PRNGs	that	can	simulate	true	randomness.	However,	they	
still	 aren’t	 considered	 to	 be	 secure	 as	 the	 potential	 attacker	 can	 generate	 subsequent	
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numbers	as	soon	as	he	gets	hold	of	the	initial	seed.	In	order	to	prevent	such	attacks,	a	need	
for	sophisticated	CSPRNG	emerged.	This	type	of	CSPRNG	should	be	capable	of	resisting	these	
attacks,	perhaps	by	reseeding	the	generator	if	the	state	is	compromised.	

Fortuna  

	One	example	of	 these	 sophisticated	CSRPNGs	 is	Fortuna,	which	was	developed	by	
Bruce	 Schneier	 and	Niels	 Ferguson	 in	 2003.	 According	 to	 Schneier,	 Fortuna	was	written	
“because	after	analyzing	existing	PRNGs	and	breaking	our	share	of	them,	we	wanted	to	build	
something	 secure.	 Fortuna	 is	 superior	 to	 the	 past	 ad	 hoc	 PRNGs	 that	 have	 been	 easily	
compromised.”	[12]	It	is	an	improvement	from	Yarrow	and	is	named	after	Roman	goddess	
of	chance.		

	Fortuna	 is	 composed	of	 three	parts:	 “The	 generator	 itself,	which	once	 seeded	will	
produce	 an	 indefinite	 quantity	 of	 pseudo	 random	 data.	 The	 entropy	 accumulator,	which	
collects	genuinely	 random	data	 from	various	sources	and	uses	 it	 to	 reseed	 the	generator	
when	 enough	 new	 randomness	 has	 arrived.	 The	 seed	 file,	 which	 stores	 enough	 state	 to	
enable	the	computer	to	start	generating	random	numbers	as	soon	as	it	has	booted.”	[13]		

	The	generator	converts	a	fixed	input	into	arbitrarily	long	outputs.	Any	block	cipher	
can	be	used	for	this	process.	Some	popular	choices	include	AES,	Serpent,	and	Twofish.	“The	
internal	state	of	the	generator	consists	of	a	256-bit	block	cipher	key	and	a	128-bit	counter.”	
Using	CTR	(Counter	Mode),	the	generator	of	Fortuna	will	produce	a	random	stream	of	data	
as	its	output.	These	counter	values	can	be	obtained	by	any	deterministic	function,	but	usually	
incrementing	is	the	simplest	way.		

	Fortuna	 is	 unique	 in	 that	 “after	 every	 request	 [it]	 generates	 an	 extra	 256	 bits	 of	
pseudorandom	data	and	use	that	as	the	new	key	for	the	block	cipher.	[It]	can	then	forget	the	
old	key,	thereby	eliminating	any	possibility	of	leaking	information	about	old	requests.”	[14]	
This	characteristic	of	Fortuna	makes	the	algorithm	attractive,	especially	to	fields	that	require	
high	security.		

	Fortuna’s	entropy	accumulator	can	collect	up	to	256	sources	of	entropy	from	three	
sources:	mouse	movement,	 keystroke	 timing,	 and	 sound	 card	noise.	Mouse	movement	 is	
truly	random	data	manually	generated	by	users,	and	while	it	is	predictable,	it	is	impossible	
for	one	to	make	an	absolute	estimation.	Mentioned	briefly	in	previous	paragraphs,	data	will	
only	 be	 generated	 by	 mouse	 movement	 if	 the	 mouse	 is	 in	 use.	 Keystroke	 timing	 does	
“[depend]	on	typing	speed	and	the	particular	applications	being	used”	[15]		and	much	like	
mouse	movement,	 data	 will	 only	 be	 generated	 if	 the	 keyboard	 is	 in	 use.	 	 Unlike	mouse	
movement	or	keystroke	timing,	soundcard	noise	is	independent	of	the	user	and	is	a	more	
secure	source	of	collecting	entropy	as	it	is	more	difficult	for	attackers	to	predict.	Although	
the	 attacker	may	 be	 able	 to	 predict	 data	 generated	 by	mouse	movement	 and	 keystroke	
timing,	Fortuna	is	considered	to	be	secure	as	long	as	the	attacker	doesn’t	get	a	hold	of	all	the	
entropy	sources.		

	Fortuna’s	 seed	 file	 controller	 is	 in	 place	 for	 when	 the	 computers	 reboot.	 When	
rebooted,	Fortuna	needs	a	seed	file.	Without	a	seed	file	in	place,	rebooting	will	require	more	
time	 to	 generate	 a	 sufficient	 amount	 of	 random	 data	 before	 proceeding	 with	 standard	
operation.	Entropy	collected	by	the	entropy	accumulator	would	be	stored	as	a	“seed	file”	and	
would	later	be	used	as	an	initial	seed.	It	is	crucial	for	these	seed	files	to	remain	undiscovered.	
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Exposure	of	the	seed	files	can	compromise	Fortuna’s	security	and	thus	is	one	of	the	reason	
why	Fortuna	isn’t	generating	truly	“random	data.”	Fortuna	faces	another	limitation	in	that	it	
is	unable	to	generate	large	quantities	of	numbers	at	one	time.	“In	purely	random	data	there	
can	be	repeated	block	values,	but	the	output	of	counter	mode	never	contains	repeated	block	
values.”		

Conclusions  

	Looking	into	major	PRNGs	and	CSPRNGs,	we	can	notice	a	simple	similarity	between	
all	 of	 them:	 they	 are	 all	 algorithm-based,	 and	 the	 more	 complicated	 the	 algorithm,	 the	
stronger	the	security	of	the	PRNGs	is.	Many	of	them	also	require	what’s	referred	to	as	the	
“seed	file,”	meaning	that	they	aren’t	completely	computerized.		

	While	PRNGs	are	useful	 in	 the	 field	of	mathematics	and	physics,	 such	as	 its	use	 in	
Monte	 Carlo	 Methods,	 they	 are	 heavily	 utilized	 in	 cryptography.	 The	 value	 of	 PRNGs,	
specifically	 CSPRNGs,	 is	 expected	 to	 elevate	 in	 future	 generations,	 since	 the	 numbers	
generated	by	PRNGs	are	used	in	encryption	throughout	the	online	world.	As	higher	emphasis	
is	put	on	online	security,	the	demand	for	stronger	CSPRNGs	is	expected.		

Future of PRNGs 

	As	 CSPRNGs	 do	 not	 produce	 absolutely	 random	 numbers,	 they	 still	 face	 some	
limitations.	Taking	advantage	of	such	a	characteristic	 is	referred	to	as	RNG	abuse	or	RNG	
manipulation.	 If	 the	 attacker	 can	 simply	 obtain	 a	 noticeable	 pattern	 within	 the	
pseudorandom	 numbers,	 he	 or	 she	 can	 generate	 specific	 results.	 Since	 pseudorandom	
numbers	are	used	in	SRPG/RPG	games,	players	can	manipulate	this	pseudorandomness	to	
obtain	specific	results.	They	can	abuse	RPGs	by	providing	specific	input	or	taking	action	at	a	
specific	time	(within	1	frame).		
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Abstract 

The	 following	 research	 described	 a	 method	 for	 the	 unitary	 triangularization	 of	 a	
matrix.	The	 formulas	given	 there	are	valid	 for	 the	 real	 case.	 In	 this	note	we	describe	 the	
modifications	to	handle	the	complex	case	and	also	point	out	a	small	modification	in	the	real	
case	which	will	 improve	the	numerical	accuracy	of	the	method.	At	first	we	are	concerned	
with	a	complex	vector	space.	The	basic	tool	is	the	fact	that	if	‖	u	‖	=	√2,	then	the	matrix	I	-	
uu*	is	unitary,	as	may	be	readily	verified	with	proofs	in	our	research.	

Introduction 

A	technique	for	the	reversal	of	a	non-symmetric	matrix	because	of	J.	W.	Givens,	has	
been	used	in	applied	research	places	and	has	proved	to	be	highly	stable	numerically	but	to	
require	a	rather	large	number	of	arithmetic	operations,	including	a	sum	of	n(n	-	1)/2	square	
roots.	Entirely,	the	technique	accomplishes	the	triangularization	of	the	matrix,	after	which	
any	standard	strategy	might	be	utilized	for	rearranging	the	triangle.	The	triangular	frame	is	
realized	by	methods	for	an	arrangement	of	nn((nn		--		11))//22	plane	revolutions,	whose	item	is	an	
orthogonal	lattice.	Every	revolution	requires	the	extraction	of	a	square	root.	The	preferred	
standpoint	 in	 utilizing	 the	 strategy	 lies	 in	 the	way	 that	 an	 orthogonal	 grid	 is	 impeccably	
adapted.	 Consequently	 the	 state	 of	 the	 grid	 can't	 fall	 apart	 through	progressive	 changes.	
Truth	be	told,	if	metal	characterizes	the	condition	number	of	a	lattice	A	to	be	[1]	

𝛾𝛾 𝐴𝐴 = 𝐴𝐴 𝐴𝐴äÖ  

Where	the	standard	is	the	unearthly	standard,	at	that	point	for	any	orthogonal	lattice	
or	 matrix	 W,	 𝛾𝛾 𝑊𝑊 = 1	and	 the	 state	 of	 any	 network	 is	 saved	 under	 increase	 by	 an	
orthogonal	matrix:	

𝛾𝛾 𝑊𝑊𝐴𝐴 = 𝛾𝛾𝐴𝐴 

For	the	same	case	in	another	approach,	if	
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𝑊𝑊𝐴𝐴 = 𝑆𝑆 

In	the	above	equation	R	is	upper	triangle	and	for	this	case	
𝐴𝐴Û𝐴𝐴 = 𝐴𝐴Û𝑊𝑊Û𝑊𝑊𝐴𝐴 = 𝑆𝑆Û𝑆𝑆 

With	the	goal	that	R	is	decisively	the	triangle	one	would	acquire	from	the	utilization	
of	the	Choleski	square-root	strategy	to	the	positive	distinct	grid	𝐴𝐴Û𝐴𝐴.	It	is,	indeed,	the	lattice	
to	 which	 disposal	 von	 Neumann	 and	 Goldstine	 [2]	 are	 driven	 in	 their	 investigation	 of	
Gaussian	end	as	connected	to	a	positive	clear	 lattice.	To	get	 the	exact	triangle	that	would	
come	about	because	of	Gaussian	with𝐴𝐴Û𝐴𝐴,	one	has	just	to	expel	as	an	element	the	corner	to	
corner	of	R:	

𝑆𝑆 = 𝐺𝐺𝐷𝐷 

Where	U	has	a	unit	diagonal.	
The	reason	for	the	present	note	is	to	bring	up	that	a	similar	outcome	can	be	gotten	

with	less	number	juggling	operations,	and,	specifically,	to	invert	a	square	grid	of	request	n,	
at	most	22((nn		--		11))		square	roots	are	required,	rather	than	nn((nn		--		11))//22.	For	n	>	4,	this	is	a	sparing	
of	((nn		--		44))((nn		--		11))//44	square	roots.	

It	is	as	simple	to	talk	about	the	general	complex	case,	and	the	strategy	depends	on	the	
practically	plainly	obvious.	

LEMMA.	For		any		vector		a	is	not	equal	to	zero,		and		any		unit		vector		v,		a		unit		vector		
u		exists		such	that	

𝐼𝐼 − 2𝑢𝑢𝑢𝑢∗ 𝑎𝑎 = 𝑎𝑎 𝑣𝑣 

Where	 ||a||	 represents	 the	Euclidean	norm:	 ||a||2	=	a*a.	The	computation	requires	
two	square	roots	and	a	single	reciprocation.	
The evidence displays the calculation. Let 

𝛼𝛼 = 𝑎𝑎 > 0																								 1  

This	speaks	to	one	of	the	important	square	roots.	It	is	required	that	
𝑎𝑎 − 2 𝑢𝑢 ∗ 𝑎𝑎 𝑢𝑢 = 𝛼𝛼𝑣𝑣 

Let	
𝜇𝜇 = 2𝑢𝑢𝑎𝑎																		 2  

Then	
𝜇𝜇𝑢𝑢 = 𝑎𝑎 − 𝛼𝛼𝑣𝑣																	 3  

𝜇𝜇ê = 2𝛼𝛼 𝛼𝛼 − 𝑣𝑣𝑎𝑎 														 4  

Which	accounts	for	the	other	square	root.	Clearly	
𝛼𝛼 − 𝑣𝑣𝑎𝑎 ≥ 0 

Since		αα	is	the	Euclidean	length	of	aa,	and	vv**aa	the	projection	of	aa	upon	the	unit	vector	v.	
Thus	aa	and	µµ	are	both	real	and	can	be	taken	non-negative.	In	the	event	that	𝜶𝜶 = 𝒂𝒂𝒂𝒂	at	that	
point	the	lemma	is	confirmed	with	uu		==		00;	generally	take	µµ		>>		00	characterized	by	(4),	and	one	
checks	effortlessly	that	uu		characterized	by	(3)	is	compelling.	The	single	response	essential	is	
in	µµ--11.	
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Presently	let	aa	be	the	principal	section	of	AA	and	take	𝑣𝑣 = 𝑒𝑒Ö,	the	primary	segment	of	
the	personality.	Use	of	the	lemma	gives	a	unitary	matrix.	

𝐷𝐷Ö = 𝐼𝐼 − 2𝑢𝑢Ö𝑢𝑢Ö 

With	the	end	goal	that	the	main	section	of	UU11AA	is	invalid	aside	from	in	the	primary	
component.	The	outcome	 is	proportionate	 to	 the	utilization	of	nn--11	plane	pivots,	with	one	
slight	contrast,	that	

det 𝐼𝐼 − 2𝑢𝑢𝑢𝑢 = −1 

Subsequently	this	change	inverts	the	introduction	of	the	arrangement.	One	proceeds	
subsequent	to	smothering	the	primary	line	and	first	section	of	the	changed	network.	After	n-
1	stages,	at	most,	the	matrix	AA	is	triangularized:	

𝐷𝐷 = 𝐷𝐷™äÖ𝐷𝐷™äê ………𝐷𝐷Ö 

𝐷𝐷𝐴𝐴 = 𝑆𝑆 

Now	as	a	proof	
det 𝐴𝐴 =	 −1 ™äÖ det 𝑆𝑆 

A	fascinating	side-effect	of	the	diminishment	is	a	basic	verification	of	the	hypothesis	
of	Hadamard,	that	

det 𝐴𝐴 ≤ 𝑎𝑎Ö

™

Ö

 

Where	aaii	is	the	ith	term	of	AA.	This	outcomes	from	the	way	that	the	Euclidean	standard	
is	 safeguarded	under	 augmentation	by	 a	unitary	matrix,	 and	 that	 every	 corner	 to	 corner	
component	of	RR	is	the	standard	of	the	projection	of	that	section	upon	a	specific	subspace.		

It	is	apparent	that	when	the	lessening	is	connected	to	a	matrix	AA	of	nn	segments	and	NN		
>>		 nn	 rows,	 there	 comes	 about	 again	 an	 upper	 triangle	 of	 non-invalid	 components,	 and	 a	
trapezoid	of	zeros,	 the	triangle	speaking	to	the	factorization	of	the	ordinary	network	AA**AA	
required	for	a	minimum	squares	arrangement.	

Returning		to		the		case		of		a		square		matrix,		if		the		vectors		uu11				are		stored		as		generated		
and	 	 applied	 	 to	 	 the	 	 successive	 	 columns	 	 of	 the	 	matrix,	 	 there	 	 are	 required	 	 the	 nn--11		
reciprocations,		22((nn				--				11))		square		roots,		and	

𝑛𝑛 − 1 2𝑛𝑛ê + 5𝑛𝑛 + 9
3 =

2𝑛𝑛õ

3  

Augmentations	 for	 the	 development	 of	 RR.	 In	 this	 check	 it	 is	 expected	 that	 one	
structures	αα,,		µµ--11,,		uu	and	after	that	each	uuaaii	and	uuuu**aaii,,	i	>	1.	

Reversal	 of	 RR	 requires	 ™óê
õ 	 increases;	 and	 if	 RR--11	 is	 duplicated	 by	 the	 UU		 in	 invert	

arrange,	at	that	point	
𝑛𝑛 − 1 4𝑛𝑛ê + 7𝑛𝑛 + 12

6  

augmentations	are	required.	By	and	large,	for	the	arrangement	of	A-1,	the	number	of	
augmentations	is	

3𝑛𝑛õ + 4𝑛𝑛ê + 5𝑛𝑛 − 10)/2 = 3𝑛𝑛õ/2 
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as	contrasted	and	roughly	55nn33//22	duplications	required	if	one	somehow	happened	to	
shape	((AA**AA))--11AA**.	

Ky	Fun	has	brought	up	that	a	large	portion	of	the	square	roots	and	every	one	of	the	
responses	are	avoided	in	the	triangularization	legitimate	in	the	event	that	one	structures.	

𝜇𝜇ê𝐼𝐼 − 2 𝜇𝜇𝑢𝑢 𝜇𝜇𝑢𝑢 ∗ 

Rather	than	RR,	a	scalar	several	of	RR	is	shaped	along	these	lines.	This	is	plausible	for	
coasting	point	calculations,	yet	most	likely	not	for	settled	point.	
If the matrix 

𝐴𝐴 = 𝑎𝑎Ö, 𝑎𝑎ê, ………𝑎𝑎™  

is	scaled	at	the	outset	so	that	||a||	=<	1	for	every		z,	then	all	elements	remain	within	
range	throughout	the	triangularization	since	a	unitary	transformation	leaves	the	Euclidean	
norm	invariant.	

Hence	no	scaling	problems	arise	in	the	actual	triangularization.	Moreover,	when	R-1	is	
formed,	if	this	is	similarly	scaled	no	further	scaling	is	required	in	multiplying	by	the	matrices	
U	to	form	A-1.		Only	in	forming	RR--11	itself	may	intermediate	scaling	be	required.	

The	 unitary	 matrix	 employed	 here	 is	 obviously	 suggested	 by	 a	 somewhat	 more	
general	 one	 previously	 used	 [1].	 A	 similar	 form	 is	 used	 by	 Steenrod	 [3]	 for	 theoretical	
purposes.	
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Introduction 

	The	 cost	 of	 goods	 and	 services	 is	 a	 popular	 topic	 of	 conversation	 among	 both	
businesses	and	consumers.	Are	prices	too	high	or	too	low?	And	who	are	those	prices	too	high	
or	too	low	for?	These	questions	have	only	intensified	in	the	past	30	years	because	retailers	
and	service	providers	have	transitioned	from	a	position	where	prices	are	permanently	fixed	
to	a	position	where	prices	are	dynamic.	Today,	the	price	of	an	item,	typically	an	item	sold	on	
the	internet,	can	change	multiple	times	a	day.	Indeed,	the	price	may	not	even	be	the	same	for	
two	people	looking	at	the	same	item,	on	the	same	website,	at	the	same	time.	The	advent	of	
big	data	and	data	analytics	can	consider	anything	from	the	date	to	consumer	behavior	to	the	
weather	forecast	for	a	zip	code	to	determine	how	to	price	a	single	item.	

	The	change	in	pricing	strategy	is	called	dynamic	pricing.	Dynamic	pricing	is	said	to	be	
used	anytime	a	seller	considers	the	impact	of	their	pricing	over	the	long	term	(Seetharaman,	
2009).	Dynamic	pricing	may	bring	a	price	up	or	down	and	it	may	change	raise	and	lower	a	
price	on	the	same	day.	It	allows	businesses	to	react	and	reflect	upon	market	changes	and	
allow	 them	 to	 capitalize	 on	 conditions	 that	 might	 favor	 higher	 prices	 or	 lower	 prices.	
However,	dynamic	pricing	is	also	the	subject	of	criticism.	While	some	consumers	can	use	it	
to	 buy	 products	 or	 services	 at	 the	 best	 available	 prices,	 others	 are	 the	 victims	 of	 what	
appears	 to	 be	 price	 gouging,	 which	 hurts	 reputations	 and	 can	 even	 cause	 formal	
investigations.	

	The	question	remains:	is	the	advent	of	dynamic	pricing	good	or	bad?	The	following	
paper	will	argue	that	dynamic	pricing	is	a	positive	change	for	both	businesses	and	consumers	
as	long	as	it	is	used	to	offer	fair	prices	to	consumers.	The	paper	will	begin	by	providing	an	
overview	 of	 dynamic	 pricing	 and	 exploring	 strategies	 for	 using	 it.	 Next,	 the	 writer	 will	
consider	the	advantages	and	disadvantages	of	dynamic	pricing.	Finally,	a	case	study	of	the	
airline	 industry	and	how	 it	uses	dynamic	pricing	will	be	deployed	 to	 show	how	dynamic	
pricing	operates	in	the	industry	that	pioneered	it.	

Pricing: Assigning Value to Goods 

The	way	businesses	or	merchants	create	prices	for	products	has	changed	over	time.	
Until	the	1600s,	most	transactions	took	place	through	bartering	or	haggling	between	buyers	
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and	sellers.	In	the	1600s,	merchants	began	to	use	what	is	called	fixed	pricing	(Phillips,	2012).	
The	development	of	fixed	pricing	is	often	attributed	to	the	Quakers	of	England.	George	Fox,	
an	influential	early	Quaker,	wrote	a	1658	tract	titled	A	Warning	to	the	Merchants	of	London.	
In	 it,	 he	 encouraged	merchants	 in	 London	 from	 continuing	 to	 engage	 in	 haggling	 and	 to	
instead	adopt	a	fixed	price	policy:	a	policy	where	a	fair	price	was	set	and	it	would	be	what	
the	consumer	paid	(Phillips,	2012).		

	Fixed	pricing	began	to	take	off	in	the	retail	market	by	the	nineteenth	century.	In	the	
United	States,	 it	was	 first	deployed	 in	a	dry-goods	store	owned	by	A.T.	 Stewart	 (Phillips,	
2012).	The	advent	of	the	department	store	in	Paris	also	led	to	fixed	pricing	across	Paris.	By	
the	1860s,	fixed	pricing	was	the	dominant	form	of	pricing	goods	in	major	European	and	U.S.	
cities	and	it	was	beginning	to	spread.	A	“one-price	policy”	would	become	the	dominant	form	
of	pricing	any	retail	good;	though,	haggling	and	bargaining	still	existed	on	the	premises	of	
smaller	merchants	(Phillips,	2012).		

	The	fixed	pricing	model	would	remain	a	critical	component	of	the	business	model	of	
many	retailers	until	the	mid-twentieth	century.	However,	the	advent	of	computers	and	the	
de-regulation	of	airline	prices	would	change	that.	A	new	system	of	pricing	appeared	in	the	
1980s,	used	first	by	American	Airlines	(McAfee	&	te	Velde).	That	system	was	far	from	fixed.	
Instead,	it	created	a	system	where	prices	would	change	based	on	the	movement	of	external	
factors.	The	system	would	come	known	as	dynamic	pricing.	

What is Dynamic Pricing? 

Dynamic	 pricing	 is	 also	 known	 as	 surge	 pricing,	 demand	 pricing,	 or	 time-based	
pricing.	When	a	firm	employs	a	pricing	strategy	that	recognizes	the	future	implications	of	
their	present	prices,	 then	dynamic	pricing	exists	 (Seetharaman,	2009).	 In	 fixed	pricing,	a	
price	for	goods	or	services	is	set	based	on	the	cost	materials	and	labor	and	other	internal	
factors,	what	competitors	charge,	and	what	 the	market	will	pay.	Fixed	pricing	means	 the	
price	will	not	change;	discounts	may	be	available	and	guarantees	may	be	made,	but	the	price	
itself	does	not	fluctuate.	Dynamic	pricing	leaves	behind	the	fixed	aspect	of	pricing.	Instead,	
it	changes	as	external	factors	change.	However,	it	is	at	its	most	successful	when	there	are	two	
product	 characteristics	 found	 in	 the	 same	 product:	 product	 expiry	 and	 fixed	 capacity	
(McAfee	&	te	Velde).	

External	factors	are	important	for	dynamic	pricing	because	they	are	likely	to	change.	
Demand	is	one	external	factor	that	changes	for	some	products	and	services.	For	example,	the	
market	for	Christmas	trees	is	limited	to	a	few	weeks	leading	up	to	Christmas.	At	the	end	of	
November,	demand	begins	to	grow.	As	December	arrives,	demand	for	Christmas	trees	begins	
to	snowball.	As	Christmas	approaches,	demand	reaches	 its	peak.	But	as	of	Christmas	Eve,	
demand	begins	to	fall.	On	the	26th	of	December,	there	is	no	longer	any	demand	for	Christmas	
trees	because	the	holiday	is	over.	Retailers	could	apply	fixed	pricing	to	Christmas	trees.	One	
retailer	could	charge	$100	for	every	Christmas	tree	from	the	time	he	opens	his	stall	until	the	
end	of	the	season.	However,	another	retailer	might	use	dynamic	pricing;	he	might	charge	less	
for	Christmas	trees	bought	in	November	because	the	supply	is	high	but	demand	is	low,	which	
would	enable	him	to	sell	more	Christmas	trees.	He	could	then	raise	his	prices	every	week	in	
the	lead	up	to	Christmas	to	maximize	on	the	growing	demand,	especially	if	his	supply	begins	
to	dwindle.	
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	Demand	 is	 not	 the	 only	 factor	 affecting	 dynamic	 pricing.	 Other	 factors	 include	
competitor	pricing.	 If	 the	Christmas	 tree	merchant	using	dynamic	pricing	 in	 the	previous	
example	noticed	 that	his	competitors	were	selling	 trees	at	a	 fixed	price	at	a	much	higher	
price,	he	could	match	their	price	or	price	his	trees	higher	or	lower.	He	could	use	his	own	floor	
price	to	make	sure	that	he	does	not	make	a	loss	on	the	sale.	

	Dynamic	 pricing	 is	 most	 commonly	 used	 in	 the	 travel	 and	 hospitality	 industries,	
public	 transport,	 entertainment,	 electricity,	 and	 in	 retail,	 most	 notably	 on	 Amazon.com	
(Magloff).	However,	not	all	industries	deploy	dynamic	pricing	in	the	same	way.	Each	industry	
uses	different	pricing	strategies,	which	will	be	discussed	in	the	following	section.	The	pricing	
strategy	chosen	will	match	the	industry’s	own	needs	and	flexibility.	

	Some	wonder	whether	it	is	legal	for	a	vendor	to	change	its	prices	without	warning	
because	it	means	some	customers	will	pay	a	high	premium	for	a	product	or	service	while	
others	will	pay	less.	In	fact,	it	is	legal	to	charge	customers	different	prices	for	the	same	good;	
loyalty	programs	work	in	precisely	this	way	(Coble,	2015).	Changing	prices	is	only	illegal	as	
long	as	the	price	is	not	changed	to	affect	factors	like	race:	it	is	illegal	to	charge	a	Latino	person	
more	money	for	a	product	or	service	than	a	white	person.	It	is	also	illegal	to	charge	someone	
more	money	based	on	a	person’s	gender,	nationality,	race	or	religion.	Dynamic	pricing	can	
also	 be	 illegal	 if	 the	 price	 change	 violates	 an	 antitrust	 law;	 prices	 need	 to	 be	 set	 so	 that	
competition	can	still	compete	at	fair	prices	(Coble,	2015).	

Indeed,	dynamic	pricing	is	legal,	and	it	is	difficult	to	prove	that	a	company	has	violated	
antitrust	laws	in	the	online	marketplace	(Coble,	2015).	However,	whether	it	is	legal	or	not,	
there	is	also	a	lack	of	immediate	transparency	in	this	kind	of	pricing	strategy.	As	a	result,	
some	 customers	 may	 find	 it	 annoying	 because	 it	 may	 mean	 seeing	 one	 price	 and	 then	
returning	to	find	that	the	price	has	increased	or	decreased	dramatically.	Indeed,	Peter	Fader,	
Senthil	 Veeraraghavan,	 and	 Joseph	 Xu	 (2016)	 found	 that	while	 dynamic	 pricing	 benefits	
companies,	a	well-set	static	price	could	perform	just	as	well	as	a	dynamic	pricing	strategy	
potentially	because	of	the	negative	response	that	customers	have	to	dynamic	pricing.	In	a	
podcast	discussing	their	paper,	they	suggest	that	if	picking	the	“just	right	price”	is	as	effective	
as	dynamic	pricing,	then	it	begs	the	question	regarding	whether	prices	should	be	adjusted	at	
all	(Fader	&	Veeraraghavan,	2016).	Indeed,	one	of	the	biggest	questions	related	to	dynamic	
pricing	is	related	to	Fader	and	Veeraraghavan’s	question.	One	must	wonder	that	if	a	well-
placed	price	has	the	potential	to	be	as	effective	as	dynamic	pricing,	then	who	is	in	control	of	
pricing?	Indeed,	another	unsolved	question	asks	whether	people	themselves	should	stress	
consistency	or	whether	they	should	let	the	perceived	market	dictate	what	their	prices	should	
be	(Forgacs,	2010).	

How Dynamic Pricing Is Used 

In	 dynamic	 pricing,	 prices	 are	 not	 changed	manually.	 Instead,	 prices	 are	 changed	
using	bots	or	software	(Amadeus	Dynamic	Pricing).	The	bots	collect	external	information,	
like	time,	date,	competitor	pricing,	and	weather,	and	compare	it	with	internal	information,	
like	 the	 minimum	 price	 and	 supply.	 Data	 is	 compared	 using	 an	 algorithm	 developed	
specifically	for	the	business.	The	algorithm	then	uses	the	data	to	create	a	new	adjusted	price	
according	to	business	rules.	
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The	data	taken	into	account	is	not	only	macro-information	like	dates	and	competitor	
pricing	but	even	granular	data.	The	advent	of	big	data	and	big	data	analytics	means	that	even	
customer	behaviors	and	customer	attributes	can	be	used	in	the	algorithm	to	set	prices	for	
thousands	of	products	and	analyze	the	data	they	already	have	to	implement	the	best	prices	
available	(Baker,	Kiewell,	&	Winkler,	2014).	

Different Pricing Strategies 

	Dynamic	pricing	is	the	general	term	used	to	describe	flexible	pricing	strategies.	There	
are	 many	 different	 pricing	 strategies	 involved	 in	 dynamic	 pricing.	 Indeed,	 individual	
companies	may	even	create	their	own	customized	pricing	strategy.	However,	most	pricing	
strategies	fall	into	one	of	several	categories	including:	segmented	pricing,	peak	user	pricing,	
service	time,	time	of	purchase,	or	changing	conditions.	

	Segmented	pricing	strategy	 is	based	on	 the	premise	 that	 some	customers	will	pay	
more	for	a	service	or	product	(Shpanya,	2014;	Magloff).	Thus,	the	price	can	be	set	higher	for	
them	because	 they	have	a	higher	pain	 threshold	 in	 terms	of	price	 (Nagle,	Hogan,	&	Zale,	
2011).	For	example,	airlines	might	use	segmented	pricing	strategies	in	several	ways.	First,	
they	may	charge	more	for	direct	flights	or	those	that	arrive	at	their	destination	at	the	start	
of	a	business	day.	An	airline	may	do	this	because	those	flights	are	more	likely	to	be	purchased	
by	business	travelers.	Business	travelers	have	expense	accounts	and	do	not	need	to	pay	for	
their	flights	personally,	so	they	are	less	price	averse	as	a	group.	This	group	of	travelers	are	
also	willing	to	pay	a	premium	to	get	where	they	need	to	go	when	they	need	to	be	there,	i.e.	
arrivals	before	business	hours	on	a	weekday	(Nagle,	Hogan,	&	Zale,	2011).	This	method	can	
also	 be	 seen	 in	 the	 retail	market.	 For	 example,	 Apple	 have	 employed	 this	 strategy	 to	 its	
iPhone	 product	 creating	 a	 premium	 product	 available	 alongside	 its	 value	 product	 for	
consumers	who	are	willing	to	pay	more	for	higher-spec	devices.	

	Peak	user	pricing	is	a	pricing	method	that	adjusts	prices	during	the	periods	of	highest	
use	or	when	the	inventory	is	in	short	supply	(Shpanya,	2014).	Doing	so	allows	the	business	
to	 maximize	 profit	 during	 the	 period	 of	 high-traffic	 (Nagle,	 Hogan,	 &	 Zale,	 2011).	 For	
example,	train	travel	may	be	more	expensive	between	8	and	9:30	AM	and	5	and	6	PM	because	
this	is	when	most	commuters	will	be	using	the	train	to	travel	to	work	and	school.	Thus,	a	rail	
company	or	transportation	service	may	set	the	price	at	twice	the	level	of	the	off-peak	period	
to	maximize	on	profit.	Utility	companies	may	also	choose	to	charge	more	for	electricity	used	
between	9	AM	and	6	PM	because	businesses	will	use	more	electricity	during	this	period.	

	Service	time	is	another	dynamic	pricing	strategy.	Charging	for	service	time	typically	
means	charging	for	faster	service	or	a	faster	delivery	time	(Magloff).	For	example,	a	courier	
service	will	 charge	more	money	 for	 a	 same-day	delivery	 than	 a	 next-day	 delivery.	Other	
businesses	may	charge	more	for	a	service	ordered	after	3	PM	for	next	day	than	they	would	
at	9	AM.	Doing	so	allows	the	business	to	act	in	a	manner	that	maintains	customer	loyalty,	i.e.	
getting	a	last-minute	job	done	quickly,	without	cutting	into	their	own	operations	or	profit	
margins.	Service	time	may	be	considered	a	fair	way	for	businesses	to	provide	better,	faster	
service	to	customers	who	require	it	and	are	thus	willing	to	pay	for	it.	

	The	time	of	purchase	strategy	involves	changing	prices	over	periods	of	time	to	allow	
the	prices	to	fluctuate	to	meet	demand	or	mitigate	loss	(Magloff).	An	airline	may	use	the	time	
of	purchase	strategy	to	put	a	price	on	their	seats	(McAfee	&	te	Velde).	For	example,	the	airline	
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may	raise	the	price	of	economy	seats	to	match	or	even	overtake	the	price	of	business	class	
seats	 a	 week	 before	 the	 flight’s	 scheduled	 departure	 in	 an	 attempt	 to	 fill	 up	 an	 empty	
business	class	cabin.	This	allows	the	airline	to	ensure	that	it	sells	at	least	some	of	the	business	
class	seats	without	hurting	the	sales	of	economy	seats	because	it	lower	the	price	of	economy	
seats	again	after	the	cap	on	business	class	seats	has	been	met.	

	Penetration	pricing	is	a	form	of	pricing	used	by	companies	bringing	a	product	into	the	
market	for	the	first	time	but	are	unsure	of	what	price	point	to	enter	it	at	(Shpanya,	2014).	It	
allows	the	company	to	enter	the	product	at	a	lower	price	to	encourage	consumers	to	buy	the	
new	product.	Then,	they	can	raise	the	price	as	new	versions	of	the	item	are	released	or	as	
the	product	increases	in	popularity	(Shpanya,	2014).	

Advantages and Disadvantages of Dynamic Pricing 

Dynamic	pricing	is	used	to	move	products	or	services	not	only	when	demand	is	high	
but	when	demand	for	the	product	is	low.	While	it	is	true	that	customers	do	not	always	like	
dynamic	pricing	methods,	 they	have	 come	 to	 accept	 its	 use	 among	many	 industries.	 It	 is	
accepted	 among	 businesses	 and	 customers	 alike	 because	 it	 has	 both	 advantages	 and	
disadvantages	that	allow	both	parties	to	use	the	flexible	pricing	system	to	their	advantage.	

	There	 are	 many	 advantages	 of	 dynamic	 pricing	 for	 businesses.	 It	 provides	 an	
opportunity	 to	 boost	 lackluster	 sales	 during	 slow	 periods	 (Ramanujam	 &	 Tacke,	 2016).	
Improving	sales	is	not	only	related	to	driving	or	stabilizing	streams	of	revenue.	It	also	allows	
businesses	to	continue	moving	forward	rather	than	forcing	them	to	remain	stuck	on	their	
present	 trajectory.	 For	 example,	 moving	 inventory	 allows	 a	 business	 to	 not	 only	 move	
inventory	faster,	but	it	also	allows	them	to	iterate	or	invest	in	and	eventually	release	new	
products	that	allow	them	to	keep	up	with	trends	(Valentine,	2015).	

	Dynamic	 pricing	 also	 has	 the	 advantage	 of	 allowing	 businesses	 to	 focus	 on	
maximizing	 profit	 rather	 than	minimizing	 loss	 (Ramanujam	&	 Tacke,	 2016).	 One	way	 it	
allows	this	 is	by	allowing	 for	 the	agility	 to	keep	up	with	their	competition	 in	real	 time.	A	
dynamic	pricing	system	allows	a	business	to	raise	or	lower	their	prices	based	on	what	their	
top	competitors	are	doing	(Ramanujam	&	Tacke,	2016).	It	also	does	not	require	extensive	
research	and	approvals	to	do	this.	By	including	the	data	in	the	algorithm,	the	business	can	
adjust	 their	prices	 to	boost	 their	 ability	 to	 successfully	 compete	 in	 the	market	while	 still	
profiting.	

	Dynamic	 pricing	 also	 boosts	 efficiency	 (Baker,	 Kiewell,	 &	 Winkler,	 2014).	 The	
automation	of	prices	allows	a	business	to	adjust	their	prices	when	needed	without	missing	
out	on	valuable	external	factors	that	may	impact	their	pricing.	It	effectively	allows	a	company	
to	scan	thousands	of	prices	without	needing	to	do	it	manually,	which	frees	the	firm	up	to	
focus	on	other	issues	like	product	innovation	or	brand	communications	(Shpanya,	2014).	

Finally,	 there	 is	 the	 advantage	 of	 the	 growth	 in	 profits.	 One	 study	 suggests	 that	
dynamic	 pricing	 allows	 businesses	 to	 boost	 their	 profits	 by	 10	 to	 25	 percent	 (Shpanya,	
2014).	 According	 to	 Forrester	 Research,	 price	 optimization	 software	 can	 improve	 gross	
margins	for	a	firm	by	10	percent,	but	on	average,	dynamic	pricing	software	and	applications	
can	boost	a	company’s	profits	by	25	percent	(Valentine,	2015).	
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Disadvantages of Dynamic Pricing Strategies 

	While	the	advantages	of	dynamic	pricing	are	important	for	businesses	consider,	these	
advantages	must	 be	 considered	 in	 the	 context	 of	 the	 disadvantages	 that	 also	 occur	with	
dynamic	pricing.	One	primary	advantage	 is	 the	 strategy’s	potential	 to	alienate	 customers	
(Hamel).	While	 it	 has	been	previously	noted	 that	 customers	have	accepted	 that	dynamic	
pricing	 is	 a	 viable	 strategy	 for	 businesses,	 it	 does	 have	 the	 potential	 to	 backfire	 when	
companies	misuse	it	and	create	public	relations	issues	that	damage	the	company’s	brand.	
For	example,	Uber	is	a	famous	user	of	dynamic	pricing.	It	raises	its	prices	during	peak	periods	
in	an	attempt	to	encourage	more	drivers	to	go	online	to	deal	with	demand	(Dholakia,	2015).	
While	it	sounds	like	a	solid	strategy	for	attracting	supply	to	meet	growing	demand,	it	has	
made	Uber	few	friends.	In	the	aftermath	of	an	explosion	in	the	Chelsea	neighborhood	of	New	
York	City	in	2016,	scared	potential	riders	were	told	demand	was	“off	the	charts”	and	surge	
pricing	was	in	place	(David,	2016).	This	was	not	the	first	time	Uber’s	algorithm	has	turned	
on	price	surging	in	the	aftermath	of	a	potential	disaster.	The	same	issue	happened	during	the	
hostage	crisis	in	Sydney	in	2014	when	Uber	turned	on	surge	pricing	as	people	tried	to	flee	
the	area	during	a	standoff.	Regardless	of	 its	 intentions,	Uber	had	to	strike	a	deal	with	the	
attorney	general	of	the	state	of	New	York	to	“limit	surge	pricing	during	a	state	of	emergency”	
(David,	2016).	

It	can	also	backfire	on	companies	that	are	heavily	regulated.	The	derailment	of	Amtrak	
Train	188	was	also	complimented	by	an	increase	in	plane	fares	over	similar	routes	in	the	
northeast	(Morris,	2015).	Dynamic	pricing	meant	that	high	demand	with	the	same	supply	
churned	out	prices	 that	were	 in	some	cases	 four	times	more	than	the	average	 fare	 in	 the	
northeast.	 	 The	 U.S.	 Department	 of	 Transportation	 also	 announced	 that	 it	 would	 be	
investigating	 the	 fares	 to	 see	whether	 the	 airlines	were	 guilty	 of	 price	 gouging	 (Morris,	
2015).	While	airlines	had	already	set	their	maximum	fare	into	the	algorithm	before	the	crash	
and	Delta	said	that	it	had	lowered	its	maximum	fare	after	the	crash	and	the	prices	were	set	
by	computers	to	automatically	detect	demand	not	manually	by	executives	hoping	to	profit	
from	 tragedy,	 the	 story	 still	 resulted	 in	 negative	 press	 and	 poor	 consumer	 reactions,	
particularly	because	those	high	prices	followed	a	tragic	accident.	

A	second	disadvantage	that	is	related	to	the	first	is	that	dynamic	pricing	may	alienate	
customers	who	are	not	savvy	shoppers	or	who	have	limited	time	to	shop	around	(Hamel).	
While	some	customers	can	use	dynamic	pricing	to	determine	the	floor	on	the	price	and	wait	
for	 that	 floor	 to	 arrive,	 other	 customers	 will	 feature	 behaviors	 that	 lead	 them	 to	 make	
immediate	purchases	or	they	will	be	in	a	position	where	the	purchase	they	need	to	make	is	
immediate	(Valentine,	2015).	 It	can	alienate	customers	because	 it	can	 lead	to	a	customer	
significantly	overpaying	for	a	product	because	they	purchased	at	the	least	inopportune	time	
for	 the	consumer.	For	example,	 if	 the	 floor	price	on	a	plane	 ticket	 from	New	York	 to	Los	
Angeles	 is	$350,	but	a	 customer	needs	 to	purchase	 the	 ticket	on	a	day	 that	 the	price	has	
moved	to	$1,700,	the	customer	will	be	over	paying	for	the	product	by	nearly	$1,400.	This	
price	 discrepancy	 can	 either	 drive	 customers	 away	 or	 can	 alienate	 them	 from	 returning,	
thereby	impacting	customer	loyalty.	

	Dynamic	pricing	can	also	damage	customer	loyalty	because	if	a	customer	encounters	
a	price	at	its	high	point,	then	the	price	may	be	high	enough	to	drive	them	to	a	competitor.	
Customer	 loyalty	 is	 important	 for	 businesses	 because	 repeat	 customers	 make	 up	 an	
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important	amount	of	the	company’s	business	(Hamel).	While	businesses	rely	on	one-time	
buyers	to	move	product,	they	invest	in	loyalty	so	that	they	can	rely	on	regular	income	even	
during	off-peak	seasons.	However,	the	extent	to	which	dynamic	pricing	might	hurt	customer	
loyalty	 is	 not	 established.	 According	 to	 Hallowell	 (1996),	 customer	 satisfaction	 is	 more	
directly	related	to	loyalty	than	other	factors,	including	presumably	price.	

There	is	also	concern	that	businesses	can	employ	the	use	of	flexible	pricing	to	engage	
in	 a	price	war	 (Valentine,	 2015).	This	 is	 an	 important	 concern	because	many	 companies	
admit	 to	 feeling	 an	 increase	 in	 price	 pressure	 due	 to	 low-priced	 competition	 from	 old	
competitors	or	new	competition.	However,	Ramanujam	and	Tacke	(2016)	suggest	that	price	
wars	 are	 often	 not	 the	 result	 of	 an	 actual	 war	 on	 prices	 or	 race	 to	 the	 bottom	 but	 in	
miscommunication	between	competitors.	Thus,	the	fear	of	price	wars	can	be	abated	when	
competitors	 take	 the	 time	 to	 not	 only	 adjust	 their	 prices	 but	 to	 understand	 the	 reasons	
behind	competitor	price	changes	and	for	teams	to	understand	the	negative	impact	of	price	
wars	(Ramanujam	&	Tacke,	2016).	

Dynamic Pricing Case Study: Airlines 

Airlines	 have	 been	 using	 computers	 to	 manage	 their	 operations	 since	 the	 1950s.	
Programs	were	initially	developed	to	track	seat	booking	and	fares.	In	1978,	airline	pricing	
was	deregulated,	and	these	systems	became	used	regularly	for	pricing	(McAfee	&	te	Velde).	
Indeed,	it	was	the	airline	industry	that	is	most	often	credited	with	creating	dynamic	pricing	
when	American	Airlines	began	to	use	it	to	respond	to	the	growing	prominence	of	People’s	
Express,	 a	 discount	 airline,	 in	 the	 early	 1980s	 (Surowiecki,	 2014).	 Because	 the	 airline	
industry	is	often	credited	for	creating	and	transforming	dynamic	pricing,	it	makes	sense	to	
use	the	industry	as	a	case	study	for	the	applications	of	dynamic	price	and	how	it	 impacts	
both	businesses	and	customers.	

How Airlines Price Their Product 

Focusing	on	how	airlines	price	 their	product	often	hones	 in	on	how	the	 ticket	 fare	
evolves	between	becoming	available	 for	booking,	 through	 the	booking	period,	 and	 in	 the	
days	before	the	flight’s	scheduled	departure	(Alderighi,	Gaggero,	&	Piga,	2017).	According	to	
McAfee	and	te	Velde,	prices	are	set	based	on	the	components	related	to	the	cost	of	selling	a	
seat:	
1. Cost	of	Service	
2. Cost	of	not	selling	a	seat	on	a	substitute	flight	
3. Option	of	selling	the	seat	later	on	the	same	flight	(McAfee	&	te	Velde)	

The	researchers	noted	that	the	first	components	remain	relatively	constant	over	time	
(McAfee	 &	 te	 Velde).	 They	 are	 also	 more	 constant	 as	 the	 scheduled	 flight	 approaches.	
However,	 as	 the	 flight	 approaches,	 the	 third	 option	moves	 to	 zero.	 Thus,	 based	 on	 these	
propositions,	the	price	should	fall	before	the	flight	takes	off;	 it	might	not	fall	to	its	 lowest	
price	or	to	zero,	but	it	should	theoretically	reach	an	optimal	price.	(McAfee	&	te	Velde).		

	McAfee	 and	 te	 Velde	 create	 a	 study	 designed	 to	 collect	 data	 from	 seven	 different	
American	airlines	using	the	price	tools	Orbitz,	Travelocity,	and	from	the	American	Airlines	
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proprietary	website.	They	collected	data	on	nine	airport	pairs:	LAX	and	BUR	to	LAS;	SJC	and	
OAK	to	PDX.	They	collected	the	data	every	few	days	and	data	was	sometimes	collected	two	
days	in	a	row.	They	tested	their	data	against	five	propositions	including:	
1. Prices	fall	as	takeoff	approaches	
2. Prices	are	rising	initially	
3. Competition	reduces	variance	of	prices	
4. Prices	change	with	each	seat	sold	
5. Prices	of	substitutes	are	correlated	

a. Substitute times/days 
b. Substitute airports 
However,	 their	 research	 and	 the	 propositions	 they	 placed	 them	 against	 were	 all	

violated	by	the	data.	For	example,	they	found	that	prices	would	rise	by	$50	in	the	week	before	
scheduled	take	off.	That	rise	in	price	was	on	top	of	the	rise	from	the	previous	week	of	$28.20.	
Thus,	 even	 though	 the	 first	 proposition,	 that	 prices	 should	 fall	 as	 takeoff	 approaches	 to	
minimize	the	risk	of	not	selling	the	seat,	was	not	true	(McAfee	&	te	Velde).	Additionally,	they	
found	that	competition,	as	noted	 in	proposition	three,	did	not	correlate	strongly	with	the	
variance	in	prices.	Instead,	there	seemed	to	be	a	practice	of	using	two	prices	generally	and	
then	introducing	a	third	price	prior	to	take	off;	thus,	airlines	do	not	seem	to	price	their	fares	
in	response	to	competition.	Though,	their	data	did	not	always	find	this	to	be	true.	On	some	
flights,	 the	 prices	 appeared	 to	 be	 almost	 randomized;	American	Airlines	 flight	 1038	was	
found	to	have	“remarkable	variation”	in	price.	In	the	final	prediction,	they	suggested	that	the	
prices	of	substitute	flights	should	be	correlated,	which	relies	on	the	hypothesis	of	consumer	
substitution.	Using	the	airport	pairing,	the	researchers	attempted	to	see	whether	substitute	
airports	would	be	matched	in	price.	They	found	that	this	was	not	the	case.	There	was	not	
necessarily	a	strong	correlation	between	different	flights	flying	the	same	route	(McAfee	&	te	
Velde).	

The	 data	 from	 Williams	 (2013)	 paper	 supports	 McAfee	 and	 te	 Velde’s	 findings	
because	it	shows	that	dynamic	price	adjustment	is	a	means	of	securing	seats	for	consumers	
who	are	willing	to	pay	more	when	they	purchase	close	to	the	date	of	departure.	Williams	
finds	 that	 even	 though	 consumers	 who	 purchase	 late	 will	 typically	 pay	 above	 optimum	
prices,	 using	 dynamic	 pricing	 complements	 how	 the	 airline	 industry	 uses	 price	
discrimination	 because	 consumers	 who	 are	 not	 concerned	 with	 price,	 or	 who	 are	 price	
inelastic,	are	more	likely	to	purchase	closer	to	their	date	of	travel.	Pricing	the	tickets	based	
on	the	date	of	purchase	alone	can	lead	to	significant	losses	in	revenue	for	airlines	because	it	
does	not	take	into	account	how	demand	may	work.	Essentially,	a	business	traveler	will	pay	
$400	for	a	$200	ticket	to	make	a	last-minute	meeting,	and	the	airline	needs	to	be	prepared	
to	capitalize	on	this.	But	it	should	not	over-charge	early	because	it	will	miss	out	on	leisure	
consumers	who	would	not	pay	a	higher	price.	

Indeed,	 to	 understand	 dynamic	 pricing	 in	 the	 airline	 industry,	 one	 needs	 to	move	
beyond	simply	 focusing	on	 the	period	before	 the	 flight’s	 take-off.	 It	also	needs	 to	 include	
revenue	management	(Alderighi,	Gaggero,	&	Piga,	2017).	When	the	connection	is	made,	then	
it	is	possible	to	see	instances	of	dynamic	pricing	that	are	counter-intuitive	or	when	the	fare	
change	does	not	reflect	a	recognized	form	of	dynamic	pricing	(Alderighi,	Gaggero,	&	Piga,	
2017).	In	their	wok,	Alderighi,	Gaggero,	and	Piga	tracked	over	37,000	easyJet	flights	between	
May	2014	and	 June	2015.	They	 found	 that	prices	become	more	dynamic	 in	 the	 last	eight	



Analysis	of	Applied	Mathematics	½Volume	9	
	

100	

weeks	 before	 the	 flight	 takes	 off;	 the	 price	would	 go	 up	 and	 down	 in	 a	 similar	manner.	
However,	the	price	on	their	data	set	grew	over	the	last	three	weeks	before	take-off.	Their	
research	found	that	airlines	do	not	post	a	fare	based	on	time	but	for	available	seats	left	on	
the	flight	as	per	revenue	management.	Indeed,	their	research	supports	the	data	from	McAffee	
and	de	Vene’s	study	because	it	shows	that	the	fare	levels	used	by	the	carriers	tend	to	be	fixed	
throughout	the	booking	level	(Alderighi,	Gaggero,	&	Piga,	2017).	Sometimes	a	third	level	is	
chosen,	but	not	always.	

Finally,	understanding	dynamic	pricing	in	the	airline	industry	also	requires	facing	a	
major	 limitation,	as	mentioned	by	both	Williams	and	McAfee	and	te	Velde.	The	 limitation	
that	is	unique	to	this	industry	is	that	of	monopoly	markets.	The	ability	of	airlines	to	deal	with	
a	scarcity	of	seats	or	of	customers	would	possibly	be	reduced	in	a	market	where	they	are	
more	competitive	(Williams,	2013).	

Case Study Takeaways 

	While	it	is	not	possible	to	fully	understand	precisely	how	airlines	use	dynamic	pricing	
without	seeing	the	individual	algorithms	used	to	set	prices,	it	is	possible	to	see	how	airlines	
set	prices	to	both	sell	seats	at	the	maximum	prices	to	segmented	customers.	Criticism	would	
still	remain	in	the	unpredictability	of	some	flight	prices,	as	seen	in	the	data.	But	if	airlines	do	
use	set	prices,	then	it	would	theoretically	be	possible	for	savvy	consumers	to	determine	the	
floor	and	ceiling	prices	on	a	flight	and	be	able	to	determine	the	optimum	price	on	their	own.	
Therefore,	while	airlines	do	sell	flights	at	higher	prices	prior	to	takeoff,	and	that	can	have	
real	world	implications	for	elastic	consumers	who	find	themselves	with	a	need	to	travel	at	
the	last	moment,	prices	are	generally	set	to	provide	both	business	and	leisure	travelers	the	
opportunity	buy	tickets	at	a	price	that	suits	them	without	hurting	airline	profits.	

Conclusion 

	Whether	consumers	gripe	about	it	or	not,	dynamic	pricing	is	here	to	stay.	It	also	has	
real	world	benefits	for	both	consumers	and	businesses.	It	allows	a	business	to	provide	the	
best	service	possible	to	a	customer	without	cutting	into	its	own	bottom	line.	Dynamic	pricing	
also	allows	businesses	to	continue	to	shift	products	during	slow	periods	and	keep	up	with	
competition	in	real	time.	The	automation	provided	also	boosts	efficiency	across	the	board.	
Indeed,	 dynamic	 pricing	 also	 benefits	 consumers	 because	 they	 may	 be	 offered	 or	 may	
discover	reasonable	prices	on	products	they	want	or	need	based	on	market	factors	or	even	
on	their	own	behaviors.	

	The	 advantages	 of	 dynamic	 pricing	 are	 often	 weighed	 down	 by	 disadvantages	
because	consumers	like	reliability.	Data	has	shown	that	a	well-adjusted	static	price	can	prove	
to	be	as	profitable	as	dynamic	pricing.	Additionally,	dynamic	pricing	has	the	ability	to	appear	
as	price	gouging	if	the	algorithm	goes	unchecked;	thus,	while	it	is	efficient,	it	cannot	be	left	
to	fend	for	itself.	However,	these	disadvantages	can	be	overcome	through	careful	messaging	
and	consideration	of	consumer	pressure	points.	

	Overall,	 dynamic	 pricing	 is	 a	 positive	 development	 in	 the	 consumer	market.	 Even	
when	it	has	negative	consequences,	such	as	in	the	case	of	Uber,	those	consequences	are	not	
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necessarily	the	result	of	the	strategy	itself	as	much	as	a	fluke	that	can	be	manually	adjusted	
firms.	Dynamic	pricing	allows	companies	to	maximize	profits	without	alienating	customers	
who	are	price	elastic.	Thus,	dynamic	pricing	does	have	benefits	for	all	and	can	be	said	to	be	
a	positive	move	in	the	marketplace.	 	
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